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Abstract

In this thesis we apply the large deviations principle to study the performance of Monte
Carlo estimators for rare events. We introduce weak convergence of measures and study
the topological structure of the collection of finite signed measures in the weak topology
and in the t-topology. We prove the law of large numbers for the empirical distributions
of the importance sampling estimator and Sanov’s Theorem in the t-topology for random
variables taking values in a Polish space and then more generally in a measurable space. We
also introduce a version of Sanov’s Theorem for the empirical distributions of importance
sampling estimators. This is used to study the performance of importance sampling and
crude Monte Carlo estimators.

Keywords: large deviation principle, importance sampling, rare events, weighted empirical
measures, weak convergence, t-topology.






Sammanfattning

I detta examensarbete anvénder vi teorin om stora avvikelser for att studera konvergensegen-
skaperna hos Monte Carlo estimatorer for séillsynta héndelser. Vi introducerar svag konver-
gens av matt och studerar den topologiska strukturen hos méngden av dndliga matt besty-
ckade med topologin associerad med svag konvergens av méatt och bestyckade med den sa
kallade 7-topologin. Vi bevisar de stora talens lag for de empiriska distributionerna till den
sa kallade importance sampling estimatorn och Sanov’s Sats i t-topologin for stokastiska
variabler nar virdemangden &r ett polskt rum, och mer generellt ett métbart rum. Vi intro-
ducerar ocksé en version av Sanov’s Sats som haller for de empiriska distributionerna till
importance sampling estimatorn. Vi tillimpar sedan dessa metoder for att studera konver-
gensegenskaperna hos olika Monte Carlo estimatorer.

Nyckelord: Stora avvikelser, importance sampling, séllsynta handelser, viktade empiriska
matt, svag konvergens, 7-topologin.
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1 Introduction

Stochastic models, which include random variables, play an important role in modern soci-
ety with applications in a diverse range of areas including weather forecasting, networking
systems, and physics, among others. The object of interest in these models is often the prob-
ability of some event or more generally the expected value of an unknown random variable.
The techniques used to algorithmically solve these types of problems are generally referred
to as stochastic simulation techniques, of which the most widely used class is Monte Carlo
(MC) simulation. The heuristic idea behind Monte Carlo simulation is the following: if we
are able to simulate samples from a distribution then the mean of the samples should be a
good approximation of the mean of the distribution.

Consider a real valued random variable X with distribution p defined on a probability space
(2, ¥, P), and suppose that we are interested in computing the expected value of X given

by
9=E[X]:/Xd]P’. (1)
Q

The crude Monte Carlo (CMC) method to approximate 6 consists of simulating a sequence
of independent identically distributed (ii.d.) random variables X1, X5, ... with the same
distribution, u, as X. Then the CMC estimator of 6 is given by

(@) = " Xi(@) ~ BIX], @)

i=1

The strong law of large numbers implies that the CMC estimator converges almost surely
to the expected value E[X] as n goes to infinity. However, when E[X] is small, then the
convergence rate of CMC is too slow for many applications; making it unpractical. There
are two main factors that determine the convergence rate of Monte Carlo estimators: the
variance of the estimator, and the sample size n. A standard technique to speed up Monte
Carlo simulation is to replace the Monte Carlo estimator with another estimator that has
lower variance. One such method which is widely used is importance sampling (IS).

The general idea in importance sampling is to make a change of measure and sample from
another distribution which better represents the region of interest for the simulation. Let
1 be the distribution of X and assume that we can simulate samples of some real valued
random variables Y; with distribution 7. If it is absolutely continuous with respect to 7 and
p denotes the Radon-Nikodym derivative of u with respect to &, then the corresponding
importance sampling estimator of 0 is given by

In(@) = Y Vi(@)p¥i() ~ E[X]. ©

i=1

The choice of proposal distribution 7 is crucial to the performance of importance sampling,
and a good choice of 7 can result in a much lower variance of the importance sampling
estimator compared to the CMC estimator in equation (2).

Many events of interest to practitioners have very low probabilities of occurring, and im-
portance sampling is one of the main techniques to efficiently simulate the probabilites of
such events. In the stochastic simulation literature the term rare event is used for events
with little to no probability of occurring. As an example, consider an insurance company:
the business model consists of correctly pricing the insurance premiums such that all the



incoming insurance claims can be paid. If the collective value of all insurance claims is too
high, then the insurance company will run the risk of insolvency. The probability of in-
solvency is commonly called ruin probability and the Swedish mathematician and actuary
Harald Cramér (1893-1985) was one of the pioneers of ruin theory in insurance mathematics.
In 1938 Cramér published a paper [22] in which he proved bounds for the probabilities that
sums of independent identically distributed random variables deviate from their expected
value. The results of Cramér are considered the first in the mathematical theory of large
deviations.

The large deviations principle is used to estimate probabilites at an exponential scale and it
is therefore especially suitable for estimating rare event probabilites. It would take almost
30 years from when Cramér published his paper until the seminal paper [52] by S.R. Srini-
vasa Varadhan' was published, which laid much of the foundation of the modern theory of
large deviations. Consider a sequence of independent identically distributed random vari-
ables (X,,) taking values in a Hausdorff topological space A with distributions j, on the
Borel o-algebra By of X. The theory of large deviations is concerned with finding a lower
semicontinuous function I : X — [0, o0], called a rate function, such that

lim P(X, € A) = lim pun(A) ~ lim ¢ "nfxea )

n—o00 n—o00 n—o0

We will define and study the large deviation principle in chapter 4. More formally, a se-
quence of probability measures i1, on a topological space X equipped with the Borel o-
algebra By is said to satisfy the large deviation principle with rate I if

1 1
— inf I(x) <liminf —log [, (A4)] < limsup — log [un(A4)] < — inf I(x),
X€A° n—>oo n n—oo N x€A

holds for every A € By. The existence of the large deviation principle for the distributions
of the CMC estimators, 8, is given by Cramér’s Theorem (see e.g [25, Theorem 1.2.6]).
If the logarithmic moment generating function of X is finite for every s € R, then the
distributions of 6, satisfy the large deviation principle with rate function / given by the
Legendre-Fenchel transform of the logarithmic moment generating function of X. This can
be applied to estimate the sample size required to achieve the desired precision in Monte
Carlo simulations. If we want the CMC estimator, 6,, to have relative precision ¢ with
probability 1 — ¢, for some o > 0, then this is equivalent to

]P’<|9n —9> e|9|) <a.
Hence, for large enough n, the required sample size is approximately

log(w)
n =~ )
inf {I(x) : |x — 6] = ¢|6]}

Another interpretation of Monte Carlo estimators can be done through their empirical dis-
tributions, which are random variables defined on 2 and taking values in M, (X’), the space
of probability measures on X'. Given a random variable X : 2 — X, we can define the map
8x 1 © - M,(X), given by w — 8x(), where

1, X(w)eA,

8x(w)(A) = 0. X(@) ¢4

IS.R. Srinivasa Varadhan was awarded the Abel prize in 2007, partly for his contributions to the theory of large
deviations.



is the Dirac measure at X(w). When M, (X)) is equipped with a suitable o-algebra the map
dx is measurable and hence a random variable which takes values in the space of probability
measures on X'. The empirical distribution of the CMC estimator is defined as

1 n
Ly(w) = — > 8% )-

i=1

By integrating over X’ with respect to the measure L, (w) one gets the Monte Carlo estima-
tor 6, (w). From a theoretical perspective it is interesting to study the convergence of the
empirical distributions L, in the space M,(X). Convergence is a topological concept, and
there are many different topologies that M, (X’) can be equipped with. An especially im-
portant topology on M, (X) in probability theory is the topology of weak convergence. This
topology is the weak topology on M, (X) that is generated by the class of linear functionals
on the form

(o) :=/deu, £ e Gy,

We will study the topology of weak convergence of measures in detail in Chapter 3 where we
also introduce another weak topology on M, (&Xx’) known as the 7-topology. The t-topology
is stronger than the topology of weak convergence and many large deviations results hold
with respect to this topology.

It was shown by Varadarajan in [50] that the empirical distributions L, converge weakly to
the distribution of X. Since the empirical distributions are random variables with domain 2
and taking values in the space of probability measures on X', one may ask whether the dis-
tributions of L, satisfy a large deviation principle. Sanov’s Theorem (see e.g. [25, Theorem
3.2.17]) states that the distributions of L,, which are probability measures in M, (M, (X)),
satisfy the large deviation principle with rate function /(v) = R(v|u), where R(:|-) denotes
the relative entropy?.

In this thesis we study the space of finite signed measures and the space of probability mea-
sures equipped with the topology of weak convergence and the 7-topology. We study the
large deviations of empirical distributions in these topologies and show how large deviations
results can be applied to analyze the performance of IS estimators for random variables tak-
ing values in a Polish space. This leads to a recent result by Hult and Nyquist [33, Theorem
3.1] which proves that the empirical distributions of the importance sampling estimators
satisfy a Laplace principle in a subspace of M, (X) in the t-topology. In [33] Hult & Nyquist
use the weak convergence approach (see e.g. [30]) to prove their results. We take another
approach to derive Sanov’s Theorem based on projective systems and discuss how the full
large deviation principle for the IS estimators can be derived using this framework.

1.1 Contributions of this Thesis

The main interest of this thesis is the study of large deviation principles and its applications
to empirical distributions of Monte Carlo estimators. Let X be a random variable, with
distribution p, taking values in a Polish space &, and let (Y;) be a sequence of i.i.d. random
variables taking values in X, with distribution r. We assume that p is absolutely continuous
with respect to 7, and denote this by . < . The empirical distributions of the importance

2 Also known as Kullback-Leibler divergence and we introduce it in Chapter 3.



sampling estimator is given by

n

Li(@) = ) p(¥i(@))8y; ).

i=1

In contrast to the empirical distributions of the CMC estimator the map I, takes values in
the space of nonnegative finite measures M, (&X’). There are two main contributions of this
thesis:

1. In Chapter 3 we study the topological and linear structure of the space of finite signed
measures equipped with different topologies, concentrating on the topology of weak
convergence and the 7-topology. We collect several important results related to mea-
surability and continuity in the t-topology and the weak convergence topology pre-
viously scattered across the research literature. We also give a proof that I, converges
to u weakly whenever X is a separable metrizable space. The following theorem is
proved:

Theorem 3.17. Let X be a separable metrizable space and (Y;) a sequence of i.i.d. ran-
dom variables taking values in X with distribution . If X is another random variable
on X with distribution p < , then the empirical distributions of the IS estimator, I,
converge weakly to L almost surely, i.e.

PllweQ : Ij(w) = u})=1.

Here we use = to denote weak convergence of measure. This is a known extension
of the results by Varadarajan in [50], but a proof is hard to come by.

2. In Chapter 4 we introduce the theory of large deviations necessary to understand and
analyze the required sample sizes of the CMC and IS estimator and show how the
projective systems approach of de Acosta [3] can be used to prove Sanov’s Theorem
in the t-topology. This theory is applied to Monte Carlo estimators in Chapter 4.6.

1.2 Outline

We assume that the reader has background knowledge in measure theory, functional anal-
ysis, and point set topology comparable to introductory courses at advanced level. For the
sake of completeness we have included some well known results from probability theory,
measure theory and functional analysis in the appendix.

The outline of this thesis is as follows:

Chapter 2 review the main definition and results of measure theoretic probability and
introduce importance sampling. A reader with a solid background in probability and
Monte Carlo methods can skip the first two sections, however we put a large empha-
sis on absolute continuity of measures and the Radon-Nikodym Theorem which is
not standard in the Monte Carlo textbooks. The same goes for our presentation of
importance sampling where we work with measures rather than probability density
functions. This may seem like an unnecessary abstraction but is the correct frame-
work for proving weak convergence and large deviations results in later chapters.

Chapter 3 is devoted to the study of topologies on the space, M(X), of positive fi-
nite measures and the space of probability measures M;(X). The concept of weak



convergence of measures is introduced as convergence in the weak topology induced
by integration with respect to Cp(X), and the main results from the theory of weak
convergence of measures on separable metric spaces are proved. Two more topolo-
gies on are introduced: the t-topology, and the topology corresponding to the total
variation norm. Relative entropy (also known as Kullback-Leibler divergence) is also
introduced and the chapter is finished with a section discussing continuity and mea-
surability with respect to the different topologies introduced.

Chapter 4 presents the theory of large deviations. We state and prove two classical
results in the theory: Cramér’s, and Sanov’s Theorems. We then proceed by intro-
ducing a recent result of Hult and Nyquist [33] which extend Sanov’s Theorem to
empirical measures for importance sampling estimators. We end this chapter with
a section that goes more into depth of the applications of large deviations to Monte
Carlo estimators.






2 Background

In this chapter, we present some background material from probability theory and Monte
Carlo methods necessary to follow the developments in this thesis. In section 1, we review
some measure theoretic probability and the Radon-Nikodym Theorem. In section 2, we give
an introduction to the crude Monte Carlo estimator and its convergence rate, and in section
3, we introduce importance sampling and show how it can be used to reduce the variance
of the Monte Carlo estimator and hence speed up Monte Carlo simulations.

In Appendix A.2 we have included some more results from measure theoretic probability
which will be used in later chapters. There are many textbooks on probability theory which
cover the material presented in the next section, among them [10], [28], and [34]. The
Radon-Nikodym Theorem is also covered in most Real Analysis textbooks, see for instance
[43], [31], and [32].

2.1 Probability and Notation

The formal setting of our study in this text is a probability space (2, ¥, P), and random
variables (i.e. measurable transformations) with domain €2 taking values in a Polish space
X equipped with the Borel o-algebra Bx. A Polish space is a separable topological space
which is metrizable with a complete metric. Polish spaces have enough topological structure
to make them useful when working with certain limits of measures. We will discuss this
more in section 3.3. The collection of all probability measures on 8y will be denoted by
M, (X). We use the capital letters X, Y to denote X’ valued random variables with domain
Q. The distribution of a random variable X : Q@ — X is a probability measure on By
defined by
W(E):=PoX Y(E), foreveryE € By.

For a real valued random variable, X, with domain €2, we use E to denote the expected value
of X, which is defined as the integral

E[X]:= / XdP.
Q
The variance of X is defined as

VIX]:= E[(X —E[X])*] = E [x?] - E[X]*.

The Radon-Nikodym Theorem

Even if X is different from R we can construct an integrable real valued random variable by
taking a Borel measurable and integrable function g : X — R and composing it with X. The
function g(X) is a real valued random variable with domain (€2, ¥'), and a standard measure
theoretic argument using the monotone convergence theorem and simple approximation
shows that

Ewan=LgaNP=Agw. @

The right hand side of equation (4) can also be interpreted as the expected value of the
random variable g on the probability space (X, By, ;). Whenever we take expected values
with respect to some measure other than IP, we will clarify this by sub-scripting the expected



value operator E. This notation is standard in the probabilistic community and using this
the right hand side of equation (4) can be expressed as

/ gdu =E,[g].
X

These types of change of measure will play an important role in the forthcoming develop-
ments. We will now review absolute continuity of measures and the Radon-Nikodym Theo-
rem. This result and its implications are central to understanding both importance sampling
and relative entropy which play an important role in the theory of Large Deviations.

Definition 2.1. A measure p is said to be absolutely continuous with respect to a measure
7 on a o-algebra B if 1(A) = 0 whenever A € B and 7(A4) = 0.

We write i < 7 to denote that p is absolutely continuous with respect to 7.

Theorem 2.1 (Radon-Nikodym Theorem). Let u and i be o -finite measures on a measurable
space (X, B), and u K 7. Then there exists a jL-integrable function p, such that

w(A) = / pdr, foreveryA e B.
A

The function p is unique p-a.e. and is called the Radon-Nikodym derivative of ;. with respect
to 7, this is written as g—ﬁ. The usefulness of the Radon-Nikodym Theorem becomes more

apparent in the following two corollaries.

Corollary 2.1 (Radon-Nikodym change of measure). Let i and 7w be o -finite measures on a
measurable space (X, B), and u < 7. Ifg € L1(X, 1), then

d
/gduz/g—'udn.
x x drm

Using the Radon-Nikodym Theorem we define the probability density function, fx of a ran-
dom variable X with distribution pu with respect to measure dx as the Radon-Nikodym
derivative

_du
=4
The continuous distributions known from introductory probability theory courses corre-
spond to real valued random variables with distributions which are absolutely continuous
with respect to Lebesgue measure. Similarly the discrete distributions correspond to random
variables which takes values in N and with distributions absolutely continuous with respect

to counting measure. Using Corollary 2.1 we get the classical formula for the expected value
of a continuous random variable

]E[X]:/Rxduszxf(x)dx.

The next corollary states two very useful properties of the Radon-Nikodym derivatives.

Corollary 2.2 (Radon-Nikodym derivative properties). Let v, i, and i, be o -finite measures
on a measurable space (X, B).

Ifv < u <K m, then the following chain rule holds for the Radon-Nikodym derivative

dv  dvdp
dr — dpdr’



Furthermore, if it also holds that 1 < i, then

du dm
dr du

=1ae

By rearranging the second part of Corollary 2.2 we get the relation between the two different
Radon-Nikodym derivatives

dr 1 5)
— = g ae
du ﬁ

We will revisit this identity when discussing optimal choices of measures in importance
sampling.

2.2 Monte Carlo

In this section we give an in introduction to Monte Carlo simulation. The material is well
known and there are several classical reference- and textbooks which treat the same ma-
terial (see e.g. [39], [6], [42], and [44]). Our exposition is inspired by and follows that
of Asmussen and Glynn in [6] the most closely. However, we differ from most of the texts
mentioned above in our strong focus on working with probability measures instead of prob-
ability distribution functions. This abstract approach to the subject will be necessary when
working with large deviations theory.

We assume that (2, ¥, P) is a probability space and that X is random variable taking values
in the measurable space (X ,B X). If g : X — R is a Borel measurable and integrable
function, then g(X) is a real valued random variable with domain (€2, ). Given such a
function we are interested in computing expected values of the type

0(g) := E[g(X)]. (6)

One of the most simple estimators to form for 6 is given by

n
() = -3 g(Xo) o)
i=1

The method to approximate 6 by 6, is often referred to as vanilla Monte Carlo or crude

Monte Carlo (CMC) and we use the two terms interchangeably. We shall refer 6, as the

CMC estimator of g(X). The key motivation for the Monte Carlo estimate is the strong law

of large numbers, which asserts that 8, — 6 almost surely as n — 0o. However the strong

law of large numbers does not provide us with any insight about the rate of convergence of

the CMC estimator 6,,. The Monte Carlo convergence rate can be explored by means of the

central limit theorem and confidence intervals. If the random variables g(X;) are square

integrable with finite variance 62 = V[g(X)] then it follows from the central limit theorem
that

ﬁ(en—e) == N(O,oz), asn — o0. (8)

Here we use = to denote convergence in distribution. Thus it follows from (8) that the
estimation error 6, — 6 converges to a normal distribution with variance o2 /n. Hence, for
large 1 the estimator 6, is approximately A'(6, 02 /n)-distributed, and consequently we can
create a 1 — o two-sided confidence interval for the CMC estimator by

o o
Io(0y) ~ (9;1 - ﬁzl—a/27 On + ﬁzl—a/Z) , )



This means that for large enough n
PO €ly(Bn)Z1—0.

We use the symbol X to mean that the inequality holds approximately for large n (where
n depends on the context). From equation (9) we can deduce that given a fixed confidence
level o the absolute error of the Monte Carlo estimate is proportional to to the half width
of the confidence interval,

HW, = (10)

o

ﬁZ 1—a/2-
Equation (10) captures an important fact about the Monte Carlo method: the error con-
vergence rate is O(1/+/n). This is often called the canonical Monte Carlo convergence rate.
Rigorous analysis of the convergence of the CMC estimator can be done using asymptotic
confidence intervals. In practice the variance o2 is generally unknown and must also be
estimated, for more on these topics a good starting point is [6, §II1.2].

Performance Of MC Estimators

Generally speaking we want the confidence interval in equation (9) to be as narrow as possi-
ble, however a good value for the half width H W, will likely depend on the magnitude of 6.
Two of the most simple measures for the error of the Monte Carlo estimators are the

1. absolute precision e, = |6, — 0|

2. relative precision &, = %
In the statistical literature the terms precision and accuracy are often used for the above
entities whilst other areas of applied mathematics usually refer to them as absolute and
relative approximation errors. To get the absolute precision less than ¢ with confidence at
least 1 — « is in mathematical terms equivalent to

IP’(|¢9,,—9| <8) >1—a.

The necessary sample size n to achieve this precision can be derived from the confidence
interval for the CMC estimator given in equation (9), which yields the formula

2 2

z o

a

We can use the above formula together with the fact that ¢, = |0, to get the expression
for the required sample size

5 /2‘72

> —
ng ———5— 12

This shows that in order to achieve the same relative precision as absolute precision given by
n requires a sample size which is scaled by a factor of |#|72. It is clear that this number can
grow very large for small 6. Furthermore, the relative precision is the preferred method of
the two for evaluating the effectiveness of an estimator when 6 < 1, which is the case when
working with rare events. In practice there is one complication with using the formulas in
equation (11) and (12); the variance o2 is generally unknown. Furthermore the formula in
equation (12) involves the expected value 0, which we are trying to approximate. There
are workarounds to this problem and one common solution is to use the sample mean and

10



variance in combination with sequential algorithms that update the samples every iteration
(see e.g. [42]).

Another common measure for the performance of an estimator which is commonly used in
statistics is the Mean Square Error (MSE). The MSE of the estimator 6 of g(X) is defined
as
A ~\2
MSE() :=E[(g(X)—6)7].

Whenever the estimator @ is unbiased, i.e.
E[4] = E[¢(X)].

then the expression for the mean square error simply reduces to the variance of the estimator
6. This is the case for the CMC estimator 6, and will also be true for the importance sampling
estimator introduced in the next section. Hence the terms variance and MSE will be used
interchangeably for this entity.

Rare Events

The term rare event is used in the stochastic simulation literature denote events A € ¥ that
satisfy P(A) < 1. This is usually used to mean probabilities below an order of 10~3 or
10~* in magnitude (see e.g. [6] or [37]). Oftentimes, the probability p, of a rare event, is
unknown and what the practitioner is seeking to estimate. In that case the CMC estimate
for the random variable 14 can be used to find the probability

p::IP’(A):[AdIP’:/QIlAdIP’.

The CMC estimator is in this context be given by

n
=1 3 X X;~Be(p)

i=1
where Be(p) denotes the Bernoulli distribution with parameter p. The variance is given by
the expression

Vilal = p(1 = p).

For rare events the variance and expectation are almost the same, this is clear if we consider
the quotient

V4] _

E[L4]
If we consider the factor which depends on p required for a given relative precision given
in equation (12), we see that it can be approximated by

2
o _ VI _l-p 1y
02 p? p P

Thus, for rare events the number of simulations required to get the the relative precision
&, < 1 with CMC is greater than p~!. When small probabilities are of interest this can lead
to huge simulation costs. In [6] they mention that probabilities in telecommunications can
be about 10™° in magnitude. If one would like to simulate a probability of that size with a
relative precision of 0.1 and confidence level 0.05 it would require more than 10!! samples.
This goes to show that the CMC method is very inefficient for rare events and in many cases
it may not even be possible to get an answer from the CMC method in a reasonable amount
of time. We present an example of this below by computing the probability of a tail event
for a normal distributed random variable.

11



Example 1 (Probability of tail event for normal distributed r.v.). Consider a standard normal
random variable Z ~ N(0, 1) and the event A = {Z > a}. For large a > 0 the event A can
be considered a rare event and the probability is given by

pa = P(A) = E[lz0)] = / £ dx. (13)

where f(x) is the p.d.f. for a standard normally distributed random variable given by

| G

e 2,
N2

f(x) =

The integral in equation (13) cannot be solved analytically and it is usually expressed as
Pa = 1- CD(CI),

where @ denotes the cumulative distribution function of a N(0, 1) random variable, which
can be approximated numerically. Similarly, we get the expression for the variance of Z,
which is given by

V[Z] = pa(1 = pa) = (1 — (a))®(a).

If we let @ = 4, then the probability p, ~ 3.17 x 107>. A natural question to ask is how
many samples we need to get a relative precision &, with a certain confidence level o. If
a = 0.01 then z;_4/», = 2.58 and if we want a relative precision &, = 0.1 equation (12)
leads to a sample size

n>2.1x10"

Figure 1 below show the values of H W, for the CMC estimator of the rare event A4 for
varying sample sizes, and Figure 2 shows the relevant parts where H W, is close to &, pq.

It is clear from the example above that the simulation costs can become very large, even when
simulating the probabilities of rare events under very simple distributions. However, increasing
the sample size is not the only option to increase the precision of the simulation. The half width
HW,, can also be reduced by reducing the variance o>. This is the idea behind importance
sampling, which is introduced in the next section. For more on rare event simulation two good
starting points are Chapter VI of [6] and Chapter 10 of [37], which provide additional references.
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Figure 1: Half width H W,, for the CMC estimator of the rare event A for varying sample
sizes.
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Figure 2: Half width H W, for the CMC estimator displayed for the rare event 4 for sample
sizes where H W, is close to p x 1071,

2.3 Importance Sampling

The convergence rate of vanilla Monte Carlo is O(1/+/n) which in many cases in unfeasi-
ble from a computational stand point, especially when it comes to rare event simulations.
There are two main strategies to increase the precision and reduce the MSE of Monte Carlo
estimates. Firstly, it is always possible to increase the sample size n, secondly we may use
another estimator with lower variance. The general technique of replacing a Monte Carlo
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estimator with another estimator that has lower variance is well established, and these meth-
ods are commonly referred to as variance reduction techniques. Importance sampling solves
the convergence rate problem by the latter approach, thus it belongs to the class of variance
reduction techniques. The idea is to make a change of measure and sample from another
distribution which results in a lower variance of the estimator. Let p, m € M,(&X) satisfy
U K 1, and p denote the Radon-Nikodym derivative of p with respect to 7, i.e.
_ dp
p= an’

Suppose we are interested in computing 6 as in equation (6) and have a random variable
Y taking values in X with domain (2, ¥, IP), and the distribution, p, of X, is absolutely

continuous with respect to to the distribution, 7, of Y. Then it follows from the Radon-
Nikodym Theorem (Corollary 2.1) that

6 = E[g(X)] = /X g dy = /X gpdn = E[g(¥)p(Y)]. (14)

This identity is called the the importance sampling fundamental identity [42] and we refer
to the measure p as the target distribution and 7 as the proposal distribution®. Even though
equation (14) shows an equality in expectation between the right and left hand side it is still
possible that the variance of g(Y)p(Y) is lower than the variance of g(X). That is clear by
the following lemma.

Lemma 2.1. Assume that g(X) has finite variance, then the variance of g(Y)p(Y) is given
by
V(g(Y)p(Y)) = fX g2pdu— 02,

Proof. The proof is a straight forward application of the Radon-Nikodym Theorem. Let
g(X) have finite variance, then a change of measure yields

Vig(V)p(Y)] = Exlg?0?] — Exlgol® = /X odu— 62,
|

The implications of Lemma 2.1 are very important. It follows that the variance of g(Y)p(Y)
may be different from the variance of g(X), which is given by

VIg(N)] = Eufg?] - Eulel? = [ g% du—o2
We express this in the corollary below.

Corollary 2.3. The difference in variance between g(X) and g(Y)p(Y') is given by
VION] = VIzp)] = [ & (1= p)du.

Hence, by using a change of measure, it is possible to preserve the expectation of inter-
est whilst reducing the variance. By Corollary 2.3, the variance is reduced whenever the
inequality

/ (1= p)du >0 (15)
X

3The proposal distribution 77 goes under many names in the literature and it is also commonly called the
sampling distribution or importance distribution.
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is satisfied. Furthermore, equation (15) gives some insight into what properties a good sam-
pling distribution should have in terms of the Radon-Nikodym derivative p = g—ﬁ. Prefer-
ably p should be small around the areas where g2 is the largest. In terms of measures this
means that 77 should be concentrated on the areas where g2 is large. It is not very hard to
show which distribution 7 that is optimal when it comes to reducing the variance, and it is
shown in the following theorem.

Theorem 2.2. Let Z : Q — X be a random variable with distribution 0 € M,(X) that
satisfies u < 0. If
du _ E.(lg])
do gl

: (16)

then o is the optimal measure in the sense that it yields the lowest variance of all IS-measures.
Le. ifY : Q — X is a random variable with distribution 1 € M,(X) and u < m, then

du du
VIgZ2)—(2)| =V |g¥)—(X)]|.
do dm
Proof. Let i, w and o satisfy the assumptions of Theorem 2.2. By Lemma 2.1 it follows

that
d d du\? du\?
v[a @] -venEm|= [ (L) w- [ (%) o

Thus, we need to show that

du 2 du 2
/ g2 =] do < / g2 =) drn.
X do X dr

Using the expression for the Radon-Nikodym derivative 3—‘; we get that

du\2 E 2
(@) [ rar

By a change of measure and then applying the Cauchy-Schwarz inequality we get that

d 2 du)?
Eusl? = ([ it an) = [ (L) on 1)

Thus, by combining equation (17) and (18) the inequality follows.

This change of measure technique is the main idea behind the importance sampling estimate
of 6. Instead of using the target distribution p importance sampling works by sampling from
the proposal distribution 7. The only difference between the crude Monte Carlo estimator
and the importance sampling estimator is a change of measure which makes it possible to
simulate random variables with law 7 instead of u.

Definition 2.2. Let Y7, Y5, ... beasequence of i.i.d. random variables with domain (2, ¥, P)
taking values in 8. Assume that the law 7, of Y;, is absolutely continuous w.r.t. the law
of X, . Then the importance sampling (IS) estimator of 0 is defined as

1 & d
In(g) = = Y g(p(¥). p =1 (19)
i=1
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Lemma 2.2. The variance of the IS estimator I, is given by

| 1
V() =~ (/ngpdu—é’z) = (/ngpzdn—Gz)-

Proof. The random variables g(Y;)p(Y;) are i.i.d. real valued random variables. It follows
from independence that

1 < 1
VIl = — 3 Vig(p(¥p] = —Vig¥i)p(¥)].
i=1
Thus, Lemma 2.1 implies that
1 1
V[I] =~ (/ g?p’ dm —92) == (/ gzpdu—Gz)
n X n X

The expression for the variance of the IS estimator given by Lemma 2.2 is simply the expres-
sion of the variance for g(Y)p(Y') scaled by 1/n. Hence, the optimal proposal distribution
is given by the measure satisfying equation (16) from Theorem 2.2. However, in practice
equation (16) is not very helpful for choosing the proposal distribution 7 since it involves
0 = E, [g] which is the unknown value we are trying to compute.

2.4 Autonormalised Importance Sampling

It is possible to extend the IS-algorithm for cases when the Radon-Nikodym derivative, p,
is known only up to a multiplicative constant. We say that a function w : X — R is an
un-normalised Radon-Nikodym derivative of ; with respect to  if it satisfies

w(x) = ap(x) (20)

for some positive constant . Note, since ( is a probability measure we get that

1
/L(X)Z/pdﬂZ—/deT:l.
X o Jx

The normalising constant & can be found by integration, which yields &« = [, wds. Hence,

we can express 0 as
gwdrn
X Sy wdr

This is the fundamental identity of the autonormalised IS estimator J, which is defined
as

Yo s(Yw(Yi)
Z,r'l=1 w(Y;)

It is important to note that the autonormalised IS estimator is biased. This, may not be
apparent from equation (21) at first glance, however, the autonormalised IS estimator is

Jn(g) =

(1)

a quotient of random variables and hence it is not possible to simply use linearity of ex-
pectation to guarantee that the expected value is preserved for the estimator. This can be
compared with the regular IS estimator which is unbiased. The autonormalised IS estima-
tor plays an important role in many advanced Monte Carlo schemes due to the fact that
it is sufficient to know the distributions only up to a normalising constant. These type of
situations naturally occur in Bayesian filtering problems which are commonly solved with
Sequential Monte Carlo methods, also known as particle filters. For more on these topics
the reader is referred to the books [20], [27], and [47].
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2.5 Importance Functions

When using importance sampling, the assumption that g <« 7 on all of X may seem un-
necessarily restrictive. If we are interested in computing E[g(X)], then it should suffice that
W < 7 on the region {g # 0}, since

E[g(Xn:/ngu:LOng.

We can extend this idea even further by defining an importance function f : X — [0, co)
which is specifically designed to capture the importance of different regions of X'. The idea
is that we want the measure 7 to be a good approximation on p in the regions of greatest
interest. When computing E[g(X)] a suitable importance function could be the indicator
function I¢e0;.

Using the idea of an importance function we can restrict the criteria that 4 < 7 to a subset
of X rather than on all of X. If F C &, then the restriction of the o-algebra B to F is given
by

Br={ANF:Ae B}
and is a o —algebra of subsets of F. Let ur and w denote the restrictions of u and 7 to

Br. Ifit holds that ur < 7F on Bf, then it follows from the Radon-Nikodym Theorem
that the Radon-Nikodym derivative

dur
drnp

/hdﬂF =/ hpr drp
F F

whenever / is a up-integrable function. Hence, since 1F is integrable, it follows that if
W < mon all of X then pF is simply the restriction of the Radon-Nikodym derivative p to
F. Given an importance function, f, we define pr: X — [0, c0) by

d/L{f#O}’ f 75 0
pr =

PF =

exists, and that

dr¢ r 203
07 f = 07

and let i r denote the measure on (X, Bx) given by
pr(A) = /A Sdu.

Then it follows that
/gfd/L:/gduf:/gpfdﬂ, (22)
X X X

for every integrable g that satisfies supp(g) C supp(f). If f = Iz}, then equation (22)

reduces to the importance case
/ gduy =/ 8pg dr .
X X

The main idea behind the importance function is that we do not need the proposal distribu-
tion to satisfy 4 < 7 on all of X', but only the important regions. Hence, we may consider
a larger class of admissible proposal distributions. We will not take this idea further, but it
is good to have this in mind when designing an IS estimator.
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3 Topology of Measures and Relative
Entropy

In this chapter we study topologies on the space M(X') of finite signed measures on (X ,B X)
and some of its subspaces. The two subspaces of most interest to us are the space nonneg-
ative measures, M (X'), and the space of probability measures M, (X'). We introduce three
topologies: the total variation norm, the t—topology, and the topology of weak conver-
gence. The term weak convergence of measures is very natural from a functional analytic
perspective, as we will see the corresponding topology is the weak topology on M(X) gen-
erated by the space of bounded continuous functions on X'. The general idea will be that the
space of bounded measurable functions and M(&X’) can be paired by the dual relation

(= [ s,

and M(X) is a subset of the dual to the space of bounded measurable functions. When
the functions f are taken to be bounded measurable functions, then the strong topology
induced by this dual pairing is the total variation norm and the weak” topology is the -
topology. In the final two sections of this chapter we study the measurability and continuity
properties with respect to the t-topology and topology of weak convergence on M(X).
We also introduce the relative entropy which can be thought of as a distance between to
probability measures and play an important role as a rate function in the large deviations
theory presented in chapter 4.

3.1 Spaces of measures

In this section we study the topological and linear structure of different spaces of measures.
We start with the basic definitions and by introducing some notation. Let X be a set, then
we use B to denote a o-algebra of subsets of X and + to denote an algebra of subsets of X.
If X is a topological space, then we will use By to denote the Borel o-algebra of subsets of
X and similarly +4 y to denote the Borel algebra of subsets of X, i.e. the smallest o —algebra
and algebra of subsets of X' containing all open sets.

Definition 3.1. Let 4 be an algebra of subsets of X, then a function p : A — [—00, o0] is
said to be a finitely additive signed measure* if

1. u(@) =0.

2.  is finitely additive

3. u takes at most one of the values —oo/0o0.
Finite additivity means that whenever {A;} is a finite disjoint collection of elements of -4,
then

n n
% (U Ai) = ZM(Ai)-
i=1 i=1

It is clear that countable additivity implies finite additivity, hence every signed measure is a
finitely additive signed measure. A nonnegative finitely additive signed measure will simply

4Some authors refer to finitely additive measures as charges, see e.g. Aliprantis and Border [5].
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be called a finitely additive measure. The total variation of a finitely additive signed measure
is the finitely additive measure |p| defined by

||(A) := sup {Z |(A;)| : {A;} is a finite disjoint partition of A of elements of A} .

If |u(X)| < oo we say that p is of bounded variation or simply finite. The Hahn-Jordan
Decomposition Theorem (see e.g. [29, §II1.1.8]) states that any finitely additive finite signed
measure y can be decomposed into a positive and negative part ut and p~ that satisfy

p(A) = pu(4) —pn=(4),  |ul(4) = u(4) + n(4),

for every A € . Explicitly, the expression for the positive and negative part of the Jordan
decomposition is given by

ph(A) = sup p(U),  p(4):= inf u(F),
Uc4 CcF

where the supremum and infimum are taken over sets U, F € #. Given a measurable
space (X, B) we use the notation M(X') for the collection of finite signed measures on
X. Similarly, if 4 is an algebra of subsets of X we write MP4(X) for the collection of all
finite finitely additive signed measures on (X, 4). Since every measure is finitely additive,
it follows that if A = B, then we get the following inclusion

M,(X) C M(X) C M?4(x).

Regular Measures

An important class of measures on topological space are the regular® measures.

Definition 3.2. A finitely additive measure, i, defined on a topological space is said to be
regular if for every A € A, u satisfy

1(A) = sup{u(C) : C C A, C closed}
= inf{u(U) : A CU, U open}.

We write M" (X') to denote the collection of Borel regular measures on (/Y , B X) and M”54 ()
for the collection of finitely additive signed regular measures on (X', 4 x). Note that M" ba(x)
is defined on the Borel algebra and not the Borel o -algebra, thus M™% (X') ¢ M(X). The rela-
tions between these spaces is non-trivial, however in some cases every element of M™% (X)
can be uniquely extended to an element of M" (X) (see e.g. [5, section 14.4] note that their
notation is different from ours).

One of the main properties of regular measures, which follows directly from the definition,
is that they are completely determined by their values on open (respectively closed) sets.
and this is the distinguishing feature which make them very useful when working with
convergence. Another equivalent characterization of regular measures which also follows
directly from the definition is given below.

SThere are several definitions of a regular measure existing in the measure theoretic literature and we define a
Borel regular measure the same way as Partasarathy [41], Bogachvev [13], and Dunford & Schwartz [29]. Another
definition, sometimes found in real analysis and geometric measure theory texts, defines a regular measure to be
what we call a regular and tight measure. See for instance Royden [43] and Mattila [40].
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Lemma 3.1. Let X be a topological space X and i be a Borel measure on X. Then yu is regular
if and only if for every A € By and & > 0 there exists an open set U, and a closed set C, such
that C. C A C U, and

(U \ Ce) <e.

A useful consequence Lemma 3.1 is that whenever a measure is regular on a topological
space and A € A there exists an increasing sequence of closed subsets (C,) of A such
that

Jim 1 (Cn) = p(4),

and a decreasing sequence of open sets U, all containing A such that

JLim w1 (Up) = p(A4).

It is useful to know that in general topological spaces a Borel measure may not be regular
but on metric spaces every Borel measure is regular and we will study measures on metric
spaces more in detail towards the end of next section.

Representation Theorems

The collection of signed measures has a natural linear structure. The addition of two mea-
sures [, v, and scalar multiplication with o € R are given by

(1 +v)(A4) = p(A) +v(4).  (ap)(4) := ap(A),

It is clear that M?¢(X) and M"?4(X’) are linear spaces under these operations and that
M(X) is a linear subspace of M?¢(X). The collection M,(X) on the other hand is not a
linear subspace since the sum of two probability measure is not a probability measure. The
total variation induces a norm on these linear spaces called the total variation norm, given
by
liellzy = I(X) = pF(X) + pu= ().

Under this norm the spaces M??(X’), M"%(X), and M(X) are Banach spaces® (see e.g [29,
pp- 240, 1V.2.15-16]). We are now going to state some well known representation theorems
for MP4(X') and M"?¢(X). The advantage of having these representations is that we are
able to use functional analytic methods to place much weaker (weak*) topologies on these
spaces.

Let B(X) denote the space of real valued functions with domain X which are bounded and
Borel measurable. The space B(X) equipped with the uniform norm

I/ lloo = sup | f(x)],
xexX

is a Banach space and the strong dual space B*(X) can be represented by M?% (X) equipped
with the total variation norm.

Theorem 3.1 (see e.g. [29, §IV.5.1]). Let A be an algebra of subsets of X, then the space
M2 (X, A) with the total variation norm is linearly isometric to B*(X) in the strong dual
topology, by the map

= /deu forevery f € B(X).

®In fact they are all Banach lattices, specifically AL-spaces (see e.g. [5, pp. 10.10-11 & 12.2]).
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RemARK. This holds for any algebra of subsets of X, thus it also holds for any o-algebra of
subsets of X'. An important case is when B is a o-algebra and M(X, 8) C M?¢(X, B).

Using the fact that M?¢(X') is isomorphic to the strong dual of B(X'), we get an equivalent
norm to the total variation norm induced by the strong operator topology, given by

[flloo=1

Definition 3.3. Let A’ be a topological space, then we define Cp (X)) to be the space of
bounded continuous real valued function on &X', equipped with the uniform norm

1/ loo = sup [ £(x)].
XEX

The space Cp(X) is a Banach Space (see e.g. [29, §IV.6]) , and when X is normal the dual
space of Cp(X) is isomorphic to M"24 (X', Ax). But, before we state the exact result we
give the following useful result which we will use later.

Theorem 3.2 (see e.g. [5, Thm 14.8]). Let X’ be a normal topological space and A a positive
linear functional on Cy,(X), then there exists a unique element ;1 € M™22 (X, A ) that satisfy
w(X) = A1) and

/deu = A(u), forevery f € Cp(X).

Theorem 3.3 (see e.g. [29, §IV.6.2]). Let X' be a normal topological space, then the space
M"2%(X | A ) with the total variation norm is linearly isometric to Cy,(X) in the strong dual
topology, by the map

M»—)/deu, forevery f € Cp(X).

In the special case when &’ is a compact Hausdorff space the dual is isomorphic to the regular
Borel measures defined on the Borel o-algebra. The following result is generally known as
Riesz Representation Theorem (see e.g [29, §IV.6.3]).

Theorem 3.4 (Riesz Representation Theorem). Let X' be a compact Hausdorff space, then
the space of all regular signed Borel measures on X equipped with the total variation norm is
linearly isometric to Cp(X) in the strong dual topology, by the map

MHLfdpL, forevery f € Cp(X).

An important example of this is when (X, By) is a compact metric space, then all Borel
measures are regular and M(X) is linearly isometric to the dual space of Cp(X).

The total variation norm

We have already seen that that the total variation norm makes MP4 (X, By) into a Banach
space and it is linearly isometric to the strong dual of B(X’) by Theorem 3.1. The collection
of finite signed measures, M(X), is a closed linear subspace and hence also a Banach space
in this topology (see e.g. [13, Theorem 4.6.1]).
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However, the topology generated by the total variation norm on M(X) is too strong for most
probabilistic applications. An example, which highlights this fact is the following. Consider
the Dirac measures §, defined by

l,x € A,

Ox(4) = 0,x ¢ A.

These are elements of M(X), however, if (x) is a sequence of distinct elements in X, then
the sequence of Dirac measures (Jy, ) never converges to dx, even if X' is a metric space and
(xq) converges to x. Thus the map x > 8 is not continuous from X to M(X') equipped with
the the total variation norm. Especially, the empirical distributions which we are interested
in are not continuous in the total variation norm. Generally, the total variation norm is a
too strong topology on M(&X") and its subspaces for probabilistic purposes, which motivates
the t-topology that is a much weaker topology.

The t-topology

In this section we assume that X’ is a measurable space with o—algebra B and that all
spaces of measures are taken over (X', 8). Using the dual correspondence between B(X)
and M%? (X)) given by Theorem 3.1 it is possible to equip M??(X') with the weak* topology
induced by B(X).

Definition 3.4. Let (X, B8) be a measurable space, then the topology on M(X') inherited
from M%?(X’) equipped with the weak* topology is called the 7-topology ”.

Thus, the 7-topology is the weakest topology for which the evaluation maps

M'—>/deﬂ

are continuous for every f € B(X). The definition and basic properties of weak topologies
are given in Appendix A.4. It follows from the definition of the weak™ topology that a
neighborhood basis of & € M(X) in the t—topology is given by

{veM(X) : ‘/Xfid,u—/xfidv‘<s, fiveos fo€ B(Y), &> 0!,

The t-topology is much weaker than the total variation norm; however, in general the maps
X > 8y are not continuous with respect to the 7-topology. This can be seen by noting that if
anet xo — x in X then 8y, — &x in the t-topology if and only if f(xy) — f(x) for every
f € B(X). However, every function satisfying this convergence criteria is continuous.
Thus the map x — 8, is t-continuous if and only if B(X) C Cp(X). Furthermore, the
7-topology is in general not metrizable and nor are the subspaces of greatest interest to us
in this topology: M(&X'), M (X), M,(X). In fact M,(X) is not metrizable in the t-topology
if there exists an element u € M,(X) that satisfies ;u(x) = 0 for every x € X. A proof of
this fact is outlined in exercise 9.1.15 of [48].

An interesting observation is that the only topological information about X’ which is trans-
ferred to M (X)) in the t-topology is the one contained in the o-algebra Bx. However,

7Some authors refer to this topology on M(X') as the strong topology which can be misleading as it is not the
topology inherited from the strong dual of B*(X), i.e. M (X, B), with the total variation norm.
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the spaces we study will in general be metrizable, hence contain a lot of topological struc-
ture. Continuous functions provide a lot more topological information than the bounded
measurable functions. Furthermore if x, — x then

/ Fdby, = f(xa) = f(x) = [ FdS,. forevery f € Cy(X).
X X

which motivates using the maps (f,-), where f € Cp(X), to induce a weak topology on
M(X) instead.

The topology of weak convergence

In this section we place a topology on M(X, 8.x) by noting that for every u € M(X’) and
C, (X) the map

(fip) = /;(fdu, for every f € Cp(X) (23)

defines a dual pairing. However, the representation of C,’(X’) given in Theorem 3.3 involves
finitely additive measures defined on the Borel algebra of X. Therefore, we cannot simply
identify M(X) with a subspace of M™% (X’). 8 We will assume that X’ is a metric space,
then all Borel measures are regular. Regular measures are uniquely determined by their
values on closed sets and on normal spaces Urysohn’s Lemma can be applied to show that
the maps

MH/de/x.

are separating on M" (X'). Hence, the dual pairing above induces a weak topology on M(X).

Definition 3.5. Let X be a metric space, then the weak topology generated by the dual
pairing (23) is called the topology of weak convergence or simply the weak topology on M(X).

A neighbourhood basis for . € M(X) in this topology is given by

{veM(z‘\,’):‘/Xﬁdu—/Xﬁd\z‘<e, Fivee fa € Cy(X), £>0

It follows from the properties of weak topologies (see Theorem A.7) that a net (i) con-
verges to u in this topology iff [ f due — [, f du for every f € Cp(X). This type
of convergence is called weak convergence of measure. Weak convergence in metric spaces
are studied more in detail in section 3.3. We shall make some quick remarks regarding
closed subspaces of M(X). The subspaces of greatest interest to us are M,(X), M, (X),
and M, (X'), which are closed subspaces of M(X') in the topology of weak convergence.
This is easily seen since the constant function 1 € C(X), and therefore if a net (@) con-
verges to

Mo (X) = pn(X),

which shows that M, (X)) is closed under limits. Borel regularity of the measures ensure
that the limit of nonnegative measures are nonnegative and the subspaces M, (X’) and
M., (&) are also closed. Many important topological properties such as separability and
completeness are inherited for M (X) in the the topology of weak convergence. In Section
3.3, we prove that M (X) is a Polish space if and only if X is a Polish space. The next section

8In the special case when X’ is a compact metric space, then Riesz Representation Theorem states that M(X)
is linearly isomorphic to the dual of Cp, (X).
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covers the theory of Borel measures and continuous functions on metrizable spaces. The
theory presented will be essential to our study of weak convergence on metrizable spaces
in Section 3.3.

3.2 Metrizable Spaces

This section reviews some of the topological properties of of metrizable spaces. The aim is to
introduce the topological results necessary for studying weak convergence of measures on
metrizable spaces. A topological space (X', T7) is said to be metrizable if there exists a metric
d such that the metric space (X, d) is homeomorphic to (X, 7). The notion of equivalent
metrics has different different definitions in the literature and in order to avoid confusion we
say that two metrics are topologically equivalent if they generate the same topology. There
are many topologically equivalent metrics on any metrizable space and given a metric d on
X it is always possible to define an equivalent bounded metric given by

d
dp = ——.
T 1+d
A special class of metrizable spaces which are of great interest in probability theory are the
Polish spaces.

Definition 3.6. A topological space (X, 7) is said to be a Polish space if it is separable and
metrizable with a complete metric.

REMARK. A metric that is topologically equivalent to a complete metric may not be complete,
an example of this is given below.

Example 2 (Equivalent complete and non-complete metrics). Consider the set (—1,1) in
the subspace topology inherited from R with the standard euclidean topology. Then, the
euclidean distance induces a metric on (—1, 1) which is not complete, since it is possible to
construct Cauchy sequences converging to the limit points —1 and 1. On the other hand, a
topologically equivalent complete metric on (—1, 1) is given by

Ix =l
R R

Whilst completeness depends on the choice of metric, separability is a topological property
which is preserved by homeomorphisms, and therefore not affected by the choice of met-
ric. It is well known that a metric space is compact if and only if it is complete and totally
bounded (see e.g. [5, Theorem 3.28]). Furthermore, as a consequence of Urysohn’s metriza-
tion theorem, on metrizable spaces separability is equivalent to the existence of a totally
bounded metric.

Theorem 3.5. A metrizable space, X, is separable if and only if X admits a totally bounded
metric.

Proof. Let X’ be a separable metrizable space. Then by Urysohn’s metrization theorem (see
e.g. [5, Theorem 3.40]) there exists an isometric embedding ¢ of X" into the Hilbert Cube
H = [0, 1]N. The unit interval [0, 1] is a compact metric space with the usual euclidean
distance metric and Tychonoft’s Theorem implies that the Hilbert cube is compact. Fur-
thermore, since H is a countable product of metric spaces it is metrizable (see e.g. [5, Thm
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3.36]) and a metric on H is given by

oo

du(x,y) =

n=1

1 |xXn — ynl

— x,y € H.
2% 1+ [xp — yul Y

The space H is compact, thus dy is a totally bounded metric on H, which induces a a totally
bounded metric on & given by

d(x,y) = du(e(x), 9(y)).

Next, we show the reverse implication. Assume that X is a metrizable space and that d is
a totally bounded metric on X, i.e. for every ¢ > 0 there exists a finite collection of points
(x;)%_, in X satisfying

k
X = U B(x;,¢).

i=1

Thus, for each n € N there exists a finite collection of points D, satisfying

xX= ) B(x.1/n).

x; €Dy

Define D = U2, Dy, then D is a countable subset of X' and we claim that D = X. Let
x € X, then it follows from the construction of the sets D, that we can create a sequence
of points (x,) such that x, € D, and

x € B(x,,1/n), foreveryn € N.
Thus x;,, — x, which proves that x is a limit point of D. It follows that D is dense in X,
and that & is separable.
[

The previous theorem shows that Polish spaces share some properties with compact metric
spaces; they admit a complete metric and a topologically equivalent totally bounded metric.
However, a as example 2 shows, a Polish space is in general not compact, the complete
metric may not be the totally bounded metric. In fact, since compactness is a topological
property it follows that every topologically consistent metric on a compact metrizable space
is totally bounded and complete.

The Distance Function

Let X be a metric space with metric d and A C X, then we define the distance function
d(x,A) : X — [0, 0] by
d(x,A) := inf d(x, y).
yeA

For fixed x € X we call d(x, A) the distance between x and A. Similarly, we define the
distance between two sets as

d(A,B) = sziéln)feF d(x,y)

A very useful property of the distance function is that it is uniformly continuous on A and
this holds for every metric d and every A C X.

26



Lemma 3.2. Let (X, d) be a metric space and A C X, then the distance function d(-, A) is
uniformly continuous on X.

Proof. Let A C X and x, y € A, then the triangle inequality implies that

d(x,A) =d(x,y) +d(y, 4

d(y. A) < d(x.y) + d(x. ) @
Rearranging, we get that
—d(x,y) =d(x,A) —d(y.A) =d(x.y). (25)
Let ¢ > 0 and choose § = ¢, then by equation (25) it follows that if d(x, y) < §
ld(x, 4) —d(y. A)| <e,
which shows that d(-, A) is uniformly continuous.
|

It follows directly from the proof that d(-, A) is not only uniformly continuous but also Lip-
schitz continuous with Lipschitz constant 1. Next we present a strengthening of Urysohn’s
Lemma for closed sets in metric spaces with positive distance between them.

Lemma 3.3 (Urysohn’s Lemma in Metric Spaces). Let X be a metric space and A, B C X
be two disjoint nonempty closed subsets of X. If there exists a § > O such that d(A, B) > §,
then there exists a bounded uniformly continuous function f : X — [0, 1] which satisfy

1 xeAd,
X) =
S 0 xé€B.

A direct proof is presented below. Another proof can be found in [11, Lemma 2.1] that relies
on special properties of uniformly continuous functions.

Proof. Let A, B be disjoint nonempty closed subsets of X, and define the function

. d(x,B)
S0 = o) v dx B)

Then it is clear from this definition that f = Oon B, and f = 1 on A. We are going to show
that f* is uniformly continuous. Let § > 0 and d(A4, B) > § and x, y € X, then

dx.B)  d(.B)
d(x,A)+d(x,B) d(y.A)+d(y,B)
_ 'd(x, B)[d(y.A) +d(y.B)] —d(y, B)[d(x, A) + d(x, B)]

(d(x, A) +d(x, B))(d(y, A) +d(y, B))
_ 1d&, B)ld(y, A) +d(y, B)] —d(y, B)ld(x, 4) + d(x, B)]|
= 2
|d(x. B)d(y. A) —d(y, B)d(x, A)]|
82 '

() = F0)] = ‘

27



By subtracting and adding the term d(y, A)d(y, B) and an application of the triangle in-
equality, we get that

|d(x, B)d(y, A) — d(y, A)d(y, B) + d(y, A)d(y, B) = d(y, B)d(x, )|
82
_ 1@(x. B) ~ d(y. B)d(y. 4) + (d(y. 4) ~d(x. A)d(y. B)
82
< S ld(x, A) —d(y. Ald(y, B) + g5 ld(x. B) —d(y. BYd(y. A)].

lf(x) = f(»)]

IA

(26)

By Lemma 3.2 it follows that the functions d(-, A), d(-, B) are bounded and uniformly con-
tinuous. Let

M = max (sup d(x, A), sup d(x, B)) < 00,
xeX xXeX
and ¢ > 0. Then, by the uniform continuity there exists a > 0 such that |[x — y| < 7
implies that
82 82
dx,A)—d(y,A)| <e—, |dx,B)—d(y,B)| <e—.
A, A) —d(y A < e 1dG B) = d (. B)| < 65

Combined with equation (26) this shows that that
Ix =yl <n = |d(x,4) —d(y, 4)| <e,

hence, f is uniformly continuous.

Spaces of Bounded Continuous Functions

Definition 3.7. Let X be metrizable space, then we define Cp, (X) to be the space of bounded
continuous real valued function on X', equipped with the uniform norm

I/ lloo = sup | f(x)].
XEX

The space Cp(X) is a Banach Space and if A" is a metrizable space, then Cp(X) is compact
if and only if X" is compact.

Theorem 3.6 ([21, Theorem 6.6].). Let X be a metrizable space, then Cp(X) is separable if
and only if X is compact.

A class of very useful subspaces of Cp(X) are those consisting of uniformly bounded con-
tinuous functions.

Definition 3.8. Let X’ be a metrizable space and d a metric on X, then we define U, (X, d)
to be the space of bounded uniformly continuous functions on (X, d).

When the metric d is clear from context we drop it from the notation and simply write
Uy (X). Since uniform continuity is dependent on the metric d, there is not a unique sub-
space of uniformly continuous functions, but every admissible metric d on X" has its corre-
sponding subspace Up (X, d) C Cp(X). The next lemma shows that for every metric d on
a metrizable space the collection of uniformly bounded continuous functions Uy (X’) forms
a closed subspace of Cp (X).
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Theorem 3.7. Let X be a metric space, then Up(X) is a closed subspace of Cp(X') under the
uniform norm.

Proof. We will show that Uy (X) is closed under a limits, hence a closed subset of Cp(X).
Let f be a limit point of Up(X) and (f,) a sequence in Up(X') converging to f. It is clear
that f must be bounded since it is an element of the space Cp(X). It remains to show that
the limit is uniformly continuous. This is showed by an application of the triangle inequality
and a classical ¢/3 argument. By the triangle inequality

|f) = SO = [/ ) = fa )+ [ fa(¥) = SO+ [ fa(x) = S (D]

The convergence of ( f;;) to f in the uniform norm implies that for every & > 0 there exists
N € N such that

=N = S = e = 59 /() = /o) < 5.

Fix any n > N, then it follows that

@) = SO = 1) = o]+ 5

By the uniform continuity of f, it follows that there exists § > 0 such that |[x — y| < §
implies
€
) = o)l < 5.

Thus, for |x — y| < & we get
lfG) = fOl <e.

which shows that the limit f is uniformly continuous.
[

In contrast to the space Cp(X), compactness is not a necessary condition for Up (&X', d) to
be separable and it suffices that the space (X, d) is totally bounded for Uy (X, d) to be
separable.

Theorem 3.8. Let (X, d) be a totally bounded metric space, then Up (X, d) is separable.

The proof below follows the proof given in Parthasarathy [41, Lemma 6.3]. The main idea
is to show that Uy (X, d) is isometric to a subset of the separable metric space C(X’) and
therefore it is separable.

Proof. Let (X, d) be totally bounded and X denoteits completion, then Xis totally bounded
and complete and therefore compact. Any function f € U, (X, d) can be uniquely extended
to a function f € Uy (X, d) such that

7] =171

see e.g. [5, Lemma 3.11]. The map which takes f to f is an isometric embeddmg of
Up(X,d) into Up (X d) and Up(X,d) is homeomorphlc to a subset of Up (X d). Further-
more, as the space X is compact, it follows that Up (X d) =Cp (X ), which is a separable
metric space by Theorem 3.6. Thus Uy (X, d) is isometric to a subset of a separable metric
which implies that Uy (X, d) is separable.
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By Theorem 3.5 a metrizable space is separable if and only it admits a totally bounded metric,
hence Theorem 3.8 implies the following.

Corollary 3.1. Let X' be a separable metrizable space, then X admits a metric d which makes
Uy (X, d) separable.

Measures on Metrizable Spaces

In this section we present some important results about Borel measures defined on metriz-
able spaces. A very useful property of Borel measures on metrizable spaces is that they are
regular, i.e. the measure of a Borel set can be approximated from within by closed sets and
approximated from without by open sets. We start with the definitions of regular and tight
measures.

Definition 3.9. A Borel measure p defined on a topological space is to be tight if for every
A € By, and every ¢ > 0 there exists a compact set K, C A such that

n(A\ K;) < e.

Similarly to regular measure a tight measure is completely determined by its value on com-
pact sets, and if u is tight and A € B, then there exists a sequence of compact sets K, C 4
such that

Jim w(Kn) = p(4).

Tightness is a stronger criterion than regularity of measures on metrizable spaces and the
concept is closely related to weak convergence of probability measures on Polish spaces. In
fact all Borel measures on metrizable spaces are regular and in Polish spaces every Borel
measure is tight. This result will be used throughout this chapter and a proof of this can be
found in Bogachev [13, Thm 7.1.7].

Theorem 3.9. Let X' be a metrizable space and [ a Borel measure on X, then [ is regular,
furthermore if X is Polish, then y is tight.

Whenever the space & is normal it is possible to achieve an integral variant of the crite-
rion for equivalence of regular Borel measures. Two regular Borel measures are equivalent
if their integrals over the space X agree for every bounded continuous function on X. In
metrizable spaces an even smaller class of functions suffices to determine whether two mea-
sures agree.

Theorem 3.10. Let (X, d) be a metric space and ., v be two Borel measures on X. Then
p=vif
/ fdu =/ fdv, forevery f € Upy(X,d).
X x

The general idea of the proof is to show that  and v agree on closed sets, and since Borel
measures on metric spaces are regular this implies that they agree on all Borel measurable
sets.

Proof. Let C C X be closed and p, v be two regular Borel measures satisfying the state-
ments of the Theorem. Define the sets C,, = {x €¢ X : d(x,C) < rll} to be the open
neighbourhoods of C consisting of points which lie within distance 1/n from C. The sets
C, are open since they can be expressed as a union of open sets:

Cu = | B(x.1/n).

xeC
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The complements C;; are disjoint with C and satisty d(C, C;) > % thus we may apply
Urysohn’s Lemma for metric spaces (Lemma 3.3). Let f, be a sequence of bounded uni-
formly continuous function taking values in [0, 1] and satisfying

1,x e C,
X) =
Jn) {O,x eCt.
The sets {C,,} form a decreasing sequence of measurable sets with NC,, = C, hence, by
continuity of measure

w(C) < lim / fodu < lim / du = p(C). (27)
n—>0o0 X n—>oo C}’l
The same holds for the measure v,
v(C) < lim / Jodv < lim / dv = v(C). (28)
n—>oo X n—>o00 C}l

Since, the integral of of ; and v agrees for every uniformly bounded continuous function
it follows from equations (27) and (28) that £(C) = v(C). This holds for every closed set,
thus it follows from regularity of Borel measures on metric spaces that u = v.

3.3 Weak Convergence of Measures on
Metric Spaces

This section studies the properties of M(X) and its subspaces M (X) and M,(X) in the
topology of weak convergence when X is a metrizable space. There are many great refer-
ences that treat weak convergence of probability measures: Partasarathy [41], Bertsekas
& Shreve [9], Billingsley [12], Stroock [48], and Aliprantis & Border [5] are just a few.
However, in some situations the measures of interest are not guaranteed to be probabil-
ity measures. An example of this is the empirical distribution of the IS estimator, which we
study more closely in section 3.4. Many of the results from the theory of weak convergence
of probability measure holds in the space M (X) of nonnegative finite measures. In fact,
most of the results in Varadarajan’s groundbreaking paper [51] on weak convergence in
separable metric spaces are proven in the latter more general setting.

In this section we prove that many known weak convergence results, such as the Port-
manteau Theorem hold in M (X'). We show that much of the structure of A" carries over to
M, (&) and that X is a separable metrizable space if and only if M, (&) is separable metriz-
able space. Most proofs are based on the proofs given in the references above, but modified
to hold in our more general setting. However, the main ideas underlying most of this chapter
can be traced back to [51] and also [4] and [11] for the Portmanteau Theorem.

Since we have not shown that the weak topology on M(X) is first countable we cannot use
sequences to characterize the convergence in this topology and we will instead work with
nets for most of this section. In appendix A.3 the definition of nets can be found together
with some facts about convergence in topological spaces. Let us restate the definition of
weak convergence.
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Definition 3.10. Let X be a metrizable space, then a net (uy) in M(X') converges weakly
to u € M(X) if

lim/ fd,ua:/fd,u, for every f € Cp(X).
« Jx X

We write Ly, = [ to denote that u, converges to © weakly.

ReEMARK. In the definition of weak convergence we have used nets to characterize conver-
gence and not sequences. The reason behind this is that we have not proved that the topol-
ogy of weak convergence on M (X)) is first countable, and thus sequences cannot be used
to characterize important topological concepts such as continuity or limit points. However,
we will see later that X is a separable metrizable space if and only if the space M (X) is
metrizable and separable in which case working with sequences is perfectly fine.

The following theorem, known as the Portmanteau Theorem, gives several useful equivalent
criteria for weak convergence of measures. Our proof is adapted from the one given by
Partasarathy in [41, Theorem 6.1] and Billingsley in [11], which only prove the result for
probability measures. The main ideas behind the Portmanteau Theorem go back to the work
by Alexandroff [4].

Theorem 3.11 (Portmanteau Theorem). Let X' be a metrizable space and (j1y) be a net in
M, (X)) and u € M, (X), then the statements below are equivalent.

1 o = M.

2. limg [ f dpa = [ f du forevery f € Up(X).

Furthermore, if limy (o (X) = (X)), then each of the following is equivalent to weak conver-
gence.

3. limsup, (o (C) < w(C) for every closed C C X.
4. liminfy po(U) = w(U) for every open U C X.
5. limy (A) = u(A) for every A € By satisfying w(9A) = 0.

Note that if all measures involved are probability measures, then 114 (X) = u(X) = 1 forall
a and all of statements above are equivalent. Normally the Portmanteau Theorem is stated
only for the subspace M, (X’), but this generalized version will be useful to us later. The
extra criterion for the equivalence of points 3-5 above to hold is not as limiting as it may
seem, since it only concerns the limit over the entire space X’

Proof. The implication | == 2 follows directly from the definition of weak convergence
and the implication 2 = 1 follows from Theorem 3.10.

Now, assume that limgy 1y (X) = p(X). To prove that 2 = 3 we use Urysohn’s Lemma
in metric spaces, Lemma 3.3. Let C, = {x € X : d(x,C) < %} be the open sets of points
which lie within distance 1/n of C. Then, the complements C; are disjoint from C and
satisfy d(C, C) > % Thus, we can create a sequence of bounded uniformly continuous
functions ( f;,) taking values in [0, 1] and

_ l,xeC,

Jni= 0.x € CL.
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The sets {C,} form a decreasing sequence of measurable sets with NC, = C, hence, by
continuity of measure,

lim [ fydp < lim / dp = u(C). (29)
X n—00 Cy

n—oo

The functions f, € Up(X), thus by property 2 we get that

lim sup pq (C) = lim sup/ dig < lim sup/ Jndug = / Sadu.
a o C o4 X X

Hence, by applying the limit in equation (29) the third statement follows. Next, we show
that 3 = 4. Let U be an open set, then the complement is closed and using 3 combined
with the fact that py (X) = p(X), for every «, leads to the inequality

liminf g (U) = liminf [pte (X) — e (U)] = liminf py (X) — liminf pe (U°)
o o o o

> u(X) —limsup o (U€) = p(X) — p(US) = ().

From the above, it is apparent that 3 and 4 are equivalent, and combined they imply 5. To
see this, let A € By satisfy u(dA) = 0, then

(A% = p(A) = pu(A).
3 and 4 gives the inequalities
lim sup j14 (A) < limsup j1q (A) < p(4) = p(A).
o o
liminf f1q/(4) > lim inf j1q (4°) > (4°) = u(A).
combining, these prove that

liminf pg(A) = limsup pg(A4) = n(A).
a a

Finally, we show that 5 = 1. Let f € Cp(X), and (@, b) be an open interval that
contains the image of /. The distribution of f, given by s = o f~! is a probability
measure on (R, B8(R)), hence finite, which implies that the collection of points such that
w({f =t}) > 0is at most countable. For any ¢ > 0 we can make a partition I1(g) of (¢, b)
such that

@ a=ty<ti <ty <---<ty =b
(b) n({f =t}) = 0foreveryt; € Il(g)
(c) ti —ti—; <eforeveryi =1,...,n.

Then we can approximate f by the simple function
n
(pZZli_lﬂF[, FiZ{XGX : t,-_lff(x)<t,-}.
i=1

By the construction of these sets it follows from (b) that

w@F;) = u({ f = ti-1}) + u{f =14} =0,
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and furthermore (c) implies that | f — ¢| < ¢ on all of X. Consequently, since the measures
o and p are all finite measures, we get that

[ 1 = pldna <epa@r. [ o= fldu <en).
Thus, by the triangle inequality we obtain the bound

'/deua—/)(fdu

=

/ ¢ diq - / de’ 1 epta(X) + e ()
X X
n

< D timt|pa(F) = p(F)| + spta(X) + spu(X),

i=1

Since the sets F; all have boundaries with measure zero property 5 implies that

n
liortnzli—IWa(Fi) —u(F)| =0,

i=1

and
lim 16 (X) = p(X).

/deua—/xfdﬂ

and this holds for arbitrary ¢ > 0, which implies that u, — pu.

Hence,

o

Following up on the previous remark, the Portmanteau Theorem is commonly stated for
sequences of measures only and not for nets. Then it is possible to show that 5 implies
either 3 or 1 by using Lebesgue’s Bounded Convergence Theorem or Fatou’s Lemma for
some sequence of functions created from p,. However, that is not possible when working
with nets as those results are only valid for sequences. There are several versions of the
Portmanteau Theorem and some of the equivalences hold under weaker criteria in subsets
of the space of finite measures and even when X is not a metrizable space. Results of this
nature in more general topological spaces can be found in the work by Topsge [49, see
especially Thm 8.1 page 40] and in Chapter 8 of Bogachev [13].

We will now move on with our study of nonnegative finite measures in the weak topology
by using the second part of the Portmanteau Theorem to show that if U (X, d) is separable,
then in order to prove weak convergence it is sufficient to show that the integral conver-
gence criteria of weak convergence holds for a countable dense subset of Up (X, d).

Theorem 3.12. Let (X, d) be a metric space. If Up(X,d) is separable, then there exists a
countable collection { f,} C Up(X,d) such that any net by — W in M (X) if

lim/ fnditg =/ fadu, foreveryn e N.
« Jx X

Proof. Let Up (X, d) be separable and { f,,} C Up(X, d) a countable dense subset. Let (iLy)
be a net in M, (X)), u € M, (X), and assume that

lim/ fndig = / fadu, foreveryn € N. (30)
« Jx x
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=

Let f € Up(X,d), then
/fndﬂa_/ fndﬂ‘
X X

'/deua—/xfdu
[ 1= e+ [ 15— sl

For every ¢, there exists n € N such that

If = falloo <&

Thus, it follows from equation (31) that

[ rana [ raul<|[ fuona— [ fou

for every ¢ > 0. The separability of {f,} C X combined with equation (30) implies
that

(31)

< + epa(X) + epu(X),

lim 16 (X) = p(X).

Hence, by taking limits with respect to « it follows that

| faua— [ rau
X X
for every € > 0. Thus

lim/ fdug =/ fdu, forevery f e Up(X,d),
“ Jx x

< 2eu(X),

lim
o

and the Portmanteau Theorem (Theorem 3.11) therefore implies that o, =— .
[

A useful property of the topology of weak convergence is that the map x — §, which maps
points of X to their Dirac measures in M(X) is not only continuous, but also an embedding.
Thus X is homeomorphic to {8y : x € X'} C M(X).

Lemma 3.4. Let X' be a metric space, then X can be embedded into M(X') by the map x + 8.

Proof. Let ¢ : X — M(X) be the map defined by x + §,. We want to show that ¢
is a homeomorphism of X onto ¢(X) = D. We start by showing that ¢ is injective. Let
X,y € X and x # y, then it is clear that §; # &, since

1= 68x({x}) # 8y(ix}) = 0.

In order to prove that the map ¢ is bicontinuous is suffices to show that x, — x in X if and
only if §x, — 85 in M(X) for every net in (xy) in X' (see Theorem A.6).

Let x, — x, and f € Cp(X) then f(xy) — f(x) and therefore

/deéxﬁfxfdsx,

which shows that ¢ is continuous. We prove the converse by proving the contrapositive.
Let xo 4 x,and f € Cp(X), then f(xq) /4 f(x), which implies that

[ rds, [ 1.

Hence, 8y, =% &, proving that ¢!

onto its image.

is continuous. It follows that ¢ is a homeomorphism
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Metrizability of M, (X)

We are now ready to prove one of the main theorems regarding the topological properties
of the space M (X), which states M, (X') is separable and metrizable if and only if X is so
as well. This result is originally by Varadarajan [51] and we present his proof below.

Theorem 3.13. The space M (X) is separable and metrizable if and only if X is separable
and metrizable.

Proof. The idea is to prove that M, (X') can be embedded into a separable metric space and
hence is separable and metrizable. Let X be a separable metrizable space, then there exists
a totally bounded metric d on X which makes the space Uy (X, d) separable (see Theorems
3.5 and 3.8). By Theorem 3.12 there exists a countable collection { f,,} C Up(X, d) such that
anet (Ly) € My (X) converges to i € M (X) if and only if

lim/ fndiue = / Jadp, foreveryn € N. (32)
* Jx X

Let T : M, (X) — RN be the map defined by

T(w) = (fy fidi. [y fad,...)

We are going to show that 7 is an embedding. We start by showing that 7 is injective. Let
W # v, then by Theorem 3.10 there exists a function f € Up (X, d) such that

[ rans [ ro.

Since the collection { f,,} is dense in Uy (X, d) it follows that there exists f; € {f,} such

that
[ sedn [ e,

which implies that T'(u) # T(v). Next, we show that T is continuous. Let g — u in
M, (&), then it follows from equation (32) that T'(uy) — T (@) coordinate-wise, which
implies that that T'(ie) — T(1) in the product topology on RY.

It remains to show that 7! is continuous. Let (1) be anetin X’ and T'(j1¢) — T(1). Then
by Theorem 3.12 jt, == u, which shows that 7! is continuous. Thus 7 is an embedding
and it follows that M (X) is homeomorphic to a subset of a separable metrizable space,
hence M, (&) is separable and metrizable.

To prove the converse we assume that M, (X) is separable and metrizable. By Lemma 3.4
X is homeomorphic to the subset of Dirac measures in M, (X'). Hence, X is separable and
metrizable.

The embedding, T, of M (X)) into the separable metric space RY which is used in the proof
of Theorem 3.13 is very useful and we will use it several times in this section. It follows
from Theorem 3.13 that M (X) is metrizable, and hence second countable, whenever X
is separable and metrizable. With this in mind we will work with sequences of measures
instead of nets, whenever we know that M, (X') is metrizable.
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Compactness in M(X)

In this subsection we study compact subsets of M(X") and prove that if X is a metric space,
then M, (X)) is compact if and only if X’ is compact. The general idea to show this relies
on Riesz Representation Theorem, Theorem 3.4, which states that when X" is compact, then
the dual of C;(X) is linearly isometric to M(X'). Thus, for compact metric space the topol-
ogy of weak convergence is the weak” topology induced by Cp(X) on its dual M(X), and
we can use the Banach-Alaoglu Theorem to gain some insight into the compact subsets of

M(X).

Lemma 3.5. Let X be a compact metrizable space and a, b be real numbers that satisfy 0 <
a < b, then the set {ix € M(X) : a < u(X) < b} is a compact subset of M(X) in the
topology of weak convergence.

Proof. Let0 < a < bandlet K = {u € M (X) : a < u(X) < b}. It follows from
the Banach-Alaoglu Theorem (see e.g. [29, p. V.4.3]) K C M, (&X) is compact in the weak*
topology if K is bounded in the total variation norm and closed in the weak™ topology. It is
clear that the sets K are bounded in the total variation norm, since

It = vliry < Iul(X) + VI(X) <2b, forevery : p.v € K.

Furthermore it is clear from the definition of weak convergence that if 1o, = u, then
by using the constant function 1 as a test function, py(X) — w(X), which implies that K
is closed under limits and thus closed. Hence K is compact by the Banach-Alaoglu Theo-
rem.

Especially, it follows that the spaces M, (&) and M, (X) are compact in the topology of
weak convergence. Combining the above with the embedding of X into M(&X) given in
Lemma 3.4 we get the following useful result.

Lemma 3.6. The space M,(X) is compact and metrizable if and only if X is compact and
metrizable.

Proof. Let X be compact and metrizable, then it follows from the previous Lemma that
M, (X) is compact. Conversely, assume that M, (X) is compact. By Lemma 3.4 the space X
is homeomomorphic to the set of Dirac measures in X', which is a subset of the compact
and metrizable space M, (X). Hence, X is compact and metrizable.

Separability and Completeness

In this section we study the separability and completeness properties of M. (X) in greater
detail. The main result of this section , due to Varadarajan [51], is given in Theorem 3.14
below which states that X is Polish if and only if M (X) is Polish.

Lemma 3.7. Let X be a compact metrizable space, then M., (X) is Polish.

Proof. Let X’ be compact and metrizable with d any admissible metric for the topology on
X. Then Cp(X) = Up(X,d) is separable by Theorem 3.6 and therefore, by Theorem 3.12
there exists a countable dense subset { f,} C Up(X,d) such that a net (i1q) converges to
u € M (X) if and only if

lim/ fndig = / fadu, foreveryn e N. (33)
« Jx x
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Thus, the map 7 : M (X) — RN defined by

T(w) = ([ fidu, [y fadp,...)

is a continuous embedding of M, (X)) into RN, which is a Polish space. A closed subset of
a Polish space is Polish, thus it suffices to show that the image 7' (M4 (X)) is a closed subset
of RN, Let (x) be a sequence in T'(M.,. (X)) converging to some limit x € RY, then the
sequence of measures j; = T~ !(x;) € M, (X) satisfies

lim / fodur = x, € R, foreveryn € N.
x

k—o00

We need to show that there exists a measure ;1 € M, (X) such that 4 = T~1(x). By the
exact same reasoning as in the proof of Theorem 3.12 the limits

ACS) = klirgo/)(fdﬂk R

exist for every f € Cp(X). Itis clear that A is positive functional on Cp (X), furthermore by
linearity of integration it follows that A is linear. Hence, the Riesz Representation Theorem
implies that there exists a measure y € M, (X') such that

A(Sf) = / fdu, forevery f € Cp(X).
x
By the definition of A we see that uy ==, and it follows that the image of M (X))
under T is closed and therefore Polish.
|

Before we prove the main result of this section we introduce the following useful Lemma. It
is a generalization of Theorem 15.14 from [5] extended from probability measures to non-
negative finite measures.

Lemma 3.8. Let X and ) be Polish spaces and ¢ : X — ) be an embedding. Then the map
@x : ML (X) — M (D)) defined by it +— o ¢~ ' is an embedding.

Proof. Let ¢ be an embedding of X < ). Then ¢ is a homeomorphism onto its image, and
it follows that A € By if and only if p(A) € By. Thus ¢« and ¢4~ ! are well defined. Next,
we show that ¢, is continuous. If f € Cp())), then it follows from the continuity of ¢ that
f o ¢ is a bounded continuous function on X" and that

/){fosod/L:/yfdw*(u),

for every u € M(X). Thus, if (1) is a net converging to 4 in M4 (X) and f € Cp()),
then

tim [/ dgu(ua) = lim / fowdun=/ fowdu=ffd<p*(u)-
n— X n—oo X X y

Hence, ¢« is continuous.

Next, we show that ¢, is injective. Let i # v be elements of M, (X). Since X is Polish it
follows from Theorem 3.9 that i and v are tight. Thus, there exists a compact set K C X
such that ;£ (K) # v(K). The compactness of K ensures that the image ¢(K) is compact in
Y and therefore closed and Borel measurable. Hence,

P« (@(K)) = u(K) # v(K) = p«(¢(K)),
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which shows that ¢, is injective.
It remains to show that ¢, ™! is a continuous map from the image of M (X’) under .. Let

v=po@ ! €py(Mi(X)),and g € Cp(X), then gp~! € Cp(Y) and

/gd/L:/gow‘ldv
X Yy

It follows from the above equality that if v, — Vv in ¢« (M+ (X )), then u, =— pin
M(X) and @, ! is continuous. Which proves that ¢, is homeomorphism onto its image, i.e.
an embedding.

[
We are now ready to prove the main result of this section.
Theorem 3.14. M, (X)) is a Polish space if and only if X' is a Polish space.

Proof. Let X be a Polish space, then it follows from the separability of X that X admits
a totally bounded metric d. Let X’ denote the completion of (X, d), which is also totally
bounded, hence compact. Thus, Lemma 3.7 implies that M, (X) is Polish. Now, let ¢ be

the embedding of X" into X induced by the completion. Since X is Polish it follows that X

also is Polish and therefore Lemma 3.8 implies that the map ¢4 defined by y + o @1 is

an embedding of M (&) into M, (AA,’ ). It follows from Alexandroff’s Lemma (see e.g. [53,
Theorem 24.12]) that every Gg subset of M (X) is Polish.

Now, we show that ¢, (M, (X)) is Gg in M (2@) Since X is Polish it is Gg in x (see e.g.
[53, Theorem 24.13]), i.e. there exists a sequence G, of open sets such that

9(X) = ) Gn (34)
n=1

Note that (p_l(.)E) = ¢ 1(X) = X, thus
e HENX) = (D)~ o7l (X) =0,

and
P (M4 (X)) = {p € My () : (X ~ X) =0},

Combining this with equation (34), we get that
(M (X)) = {p € My (X) : (X~ X) = 0)}

— ) e M@ e (£~ 6) =]
n=1

ﬁ{ueM+(é’?):u()€\Gn)<l}.

1k=1 k

I
D)

n

We want to show that the sets

(o<l o}

Uk = ﬂlkﬂ {ueMJ,(é’?):M()?\G,,) <%}
n= =1

are open for every n,k € N or, equivalently, that the sets U, are closed. Let (ty) be a

net in M (X) satisfying p ()2 ~ Gn) > 1/k that converges weakly to some . € M, (X).
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Then, since X~ G, is closed, it follows from the Portmanteau Theorem that

n (XA ~ Gn) > limasup,u ()E ~ Gn) > %,

which shows that € Uy . It follows that the sets U, are open and that ¢, (M (X))

is Gg in M, (/'? ), hence Polish. Thus, M (X) is Polish, since ¢, is homeomorphic onto its
image.

Conversely, assume that M (X)) is Polish. Then, since X" is homeomorphic to the collection
of Dirac measures in M, (X') by Lemma 3.4, it suffices to show that {§x : x € X'} is closed
with respect to weak convergence. Let (8, ) be a sequence in M (X) that converges weakly
to some u € M, (X), and assume for contradiction that u # &y for every x € X. It
follows from Lemma 3.4 that a sequence x, — x in X if and only if §;, = &y in
M, (X). Any convergent subsequence of (dy,) converges to i, thus (x,) cag have any
convergent subsequence (X, ). This implies for every x # x, there exists &x > 0 such
that B(x,ex) N x, = @ for every n € N. The union of these balls is open, hence the
complement, which is {x, : n € N}, is closed. By assumption §,, == x, hence the
Portmanteau Theorem implies that

u({xm im € N}) > limsup 8y, ({xm : m € N}) = 1. (35)

n—>oo

However, the same is true for every infinite subset of {x,, : m € N}. Especially, by
considering the disjoint subsets {x5,, : m € N} and {x2;,41 : m € N} we get that
w({xm : m € N}) > 2. But then equation (35) cannot hold, which is a contradiction.

Thus, there exists a subsequence x,, that converges to x, which implies that § Xnp = O,
and that {§, : x € X'} is closed.

Tightness and Compact Subsets of Measures

In Polish spaces the relatively compact subsets of M(X') can be characterized by as exactly
those which are uniformly tight.

Definition 3.11. A collection ¥ C M(X) is (uniformly) tight if for every & > 0 there exists
a compact set K such that

|| (X ~K) <eg, forevery u €F.

The following theorem due to Prokhorov give a characterization of the relatively compact
subsets of M(X) (see e.g. [13, Theorem 8.6.2]).

Theorem 3.15 (Prokhorov’s Theorem). Let X' be a Polish space and X C M(X). then K is
tight if and only if X is relatively compact.

REMARK. Recall K C X is relatively compact if K = X and this is true if and only if every
sequence in K contains a weakly convergent subsequence.

For nonnegative measures we also have the following useful result (see e.g. [13, Theorem
8.3.4] for a slightly more general statement).

Theorem 3.16. Let X' be a Polish space and (jt,) a sequence of measures in M (X) that
converges weakly to ;1 € M, (X)), then the collection {1, } is uniformly tight.
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3.4 Empirical Distributions

Another interpretation of Monte Carlo estimators can be given through their empirical dis-
tributions. We define the empirical distribution of a sequence of i.i.d. random variables (X;)
taking values in X" to be the map L, : 2 — M,(X) defined by

L, (w)(E) := %ZSXI.(G,)(E), S5x,(E) = 1g[Xi(@)], E€By., 0eQ. (36)
i=1

Note that the empirical distributions are not measures, as the name may suggest, however
for any fixed w € 2, the value of L, is a probability measure on X. Thus, we may think of L,
as a random variable taking values in M, (X). Sanov’s Theorem, which we prove in the next
chapter, states that the distributions of the random variables L, satisfy a large deviation
principle. A theorem proved by Varadarajan in [50] establishes an important fact about
the convergence of the empirical distributions: in separable metric spaces the empirical
distributions converge weakly to p almost surely. We are now going to extend this result
to the empirical distributions of the IS estimators defined in 2.2. The empirical distribution
of the IS estimator is given by

n

L) = = 3 p(Yi(@))8r, .
n

i=1
Note that I, is in general not a probability measure, since

n

L@@ = [ a1 = 13 o) (37)

i=1

Thus, I, (w) is a probability measure if and only if p(Y; (w)) = 1 foreveryi = 1,...,n,and
the empirical distribution of the IS estimator is map from 2 into the space of all positive
signed measures M. (X). The result of Varadarajan given in [50] can be extended to I,, with
the proof practically unmodified.

Theorem 3.17. Let X be a separable metrizable space and (Y;) a sequence of i.i.d. random
variables taking values in X with distribution w. If X is another random variable on X with
distribution @ < , then the empirical distributions of the IS estimator, 1,,, converge weakly
to L almost surely, i.e.

PlweQ : Ij(w) = u}) =1.

Proof. Let f € B(X), then
1 n
[ fan@ = Y F@)p(Vi@)sro
i=1

The strong law of large numbers (Theorem A.4) implies that

lim /X £ dl () = /X fodr = /X fdu, as (38)

Since X is separable we may choose a totally bounded metric d on X, by Theorem 3.5. In this
metric, Theorem 3.12 implies that there exists a countable dense subset { fr} of Up (X, d)
such that I, (w) = pif

lim / frdly(w) = / frdw, foreveryk € N. (39)
n—>o0 X X
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Equation (38) implies that for each k € N there exists a null set Ny C € such that
[y fe dlu(w) — [ fi diw on Ni. Define N = |J N, then P(N) = 0 and (39) holds
for every w € 2 ~ N, which implies that I, = p almost surely on .

3.5 Measurability and Continuity in the Weak- and
7-Topologies

In this section we go more into detail about the relationships between the 7-topology and
the topology of weak convergence on M(X'). We write 77 to denote the t-topology and 7y,
to denote the topology of weak convergence. Since Cp(X) C B(X) , the definition of a
weak topology implies that 77 is a stronger topology than 73, on M(X), i.e.

Tw C 77

Let (), 7y) be a topological space with Borel o —algebra By. Some of the immediate con-
sequences of the fact that 77 is stronger than 7;, are:

1. f®:Y — M(X) is t-continuous, then it is weakly continuous.
2. If W : M(X) — Y is weakly continuous, then it is T-continuous.
3. If K C M(X) is t-compact, then K is compact in the weak topology.

Hence there are more continuous maps from ) to M(&X) in the weak topology than in the
7-topology, and conversely there are fewer continuous maps from M(X) to ) in the weak
topology than in the t-topology. An example of this is given by the maps x +> §,, which we
have seen are continuous maps when M(X) is equipped with the weak topology, but in gen-
eral not continuous in the 7—topology. The maps x + §, may not even be measurable with
respect to the Borel o-algebra generated by the t-topology. Hence the empirical distribu-
tions are not measurable with respect to this o-algebra. The general solution to this problem
is to consider a smaller o-algebra on M(X). Given f € B(X) we define ¥ : M(X) — R
to be the evaluation map

Wi =) = [ f .

We will consider the o-algebra generated by evaluation maps W .
Definition 3.12. We define the cylinder o -algebra on M(X) as
By I=0’(\Iff IfGB(X)). (40)

Let By, denote the Borel o-algebra on M(X’) equipped with the weak topology and B,
denote the Borel o-algebra on M(X) with the 7-topology. This notation is not standard and
some authors refer to By as the cylinder o —algebra which can be somewhat confusing,
considering that the term cylinder o—algebra is widely used when working with products
of measure spaces. The fact that the t-topology is stronger than the weak topology implies
that

By C Bs.

The next Lemma shows that working with By instead of B; can solve the measurability
issues that arise when working with 8B, because the maps x + § are By-measurable.
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Lemma 3.9. The map x +> 0 is By-measurable.

Proof. Since By is generated by the maps W it follows from Lemma A.2 that ¢ is Bg-
measurable if

o' U ws'Br) | C B (41)
feB(X)
Lety : X — M(X) be the map defined by x +> 8. Forevery f € B(X) it holds that
f = \Iff o Q.

By the measurability of f it follows that
¢ Y (M) e By, forevery M e \Ilf_l(BR).
Hence, the inclusion in equation (41) holds.
|

The measurability of the map x +— §, implies that the empirical distributions of the CMC
and IS estimators are By-measurable. Therefore, when studying the large deviations of a
sequence of measures on M, (X)) equipped with the t-topology, the o0 —algebra By is often
used. If the underlying space & has enough topological structure this is not very restricting.
In fact, in separable metric spaces it actually holds that 8y = B,,. The following result
follows directly from [9, Proposition 7.25].

Lemma 3.10. Let X be a separable metrizable space, then By = By, on M(X).

When X is a Polish space the above result is often attributed to [15, Lemma 2.1] in the large
deviations literature. However, it follows trivially from [9, Proposition 7.25] and the first
edition of [9] was published more than 10 years before [15].

3.6 Relative Entropy

In this section we introduce the relative entropy, also known as Kullback-Leibler divergence
(KL-divergence), which occurs as a rate function in the theory of large deviations. We will
make use of many of the results presented here in the next chapter. The relative entropy
is also widely used in information theory. We give the definition of relative entropy be-
low:.

Definition 3.13. The relative entropy is a mapping R(:|-) from M,(X) x M,(X) to [0, co]
defined as

Jx log(g—g) dp = [, g—ﬁ log(i—;) dr, ifu < m,

00, otherwise.

R(p|rm) = { (42)

The relative entropy can be thought of as a measure of the similarity of two probability
measures in M,(X’). However, the relative entropy is not a metric; it is trivial to see from
the definition of relative entropy that it is not symmetric with respect to its arguments. The
relative entropy has several very useful properties which may not be obvious from the defi-
nition. The following result gives a variational representation of the relative entropy and it
is known as the Donsker-Varadhan variational formula. The original result by Donsker and
Varadhan [26, Lemma 2.1] was proven for a smaller class of nonnegative bounded contin-
uous functions defined on a metric space. The version of the variational formula we state
here can be found in [30, Lemma 1.4.3 (a)].
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Theorem 3.18 (Donsker-Varadhan variational formula). Let X' be a Polish space. Then, for
every i, w € M,(X), it holds that

R(u|w) = sup {/ gdu —log |:/ es dn]%
geCp(x) WX X

sup {/ gd,u—log[[ egdn:“
geB(x) WX X

In the next chapter, we will see that there are several criteria that good rate functions in the
theory of large deviations must satisfy. The next lemma, which was originally proven for
the relative entropy in [2] and extended to hold more generally in [24], shows that a large
class of functions on M(X) satisfy these properties. The term level set of a function will be
used frequently from now on, and we will use the following definition of a level set, also
known as a sublevel set.

Definition 3.14. Let X be aset and ¢ : X — [0, oo], then the sets
{xeX:pkx)<t}, te]0o0]

are said to be the level sets of ¢.

Lemma 3.11 ([24, Lemma 6.2.16]). Let ¢ : R — [0, 00] be a nonnegative convex lower
semicontinuous function with compact level sets that satisfies

()]
|x|

If m € M4 (X)), then the function I, : M(X) — R, defined by

— 00, as|x| — oo. (43)

00, otherwise,

is a nonnegative lower semicontinuous function with compact level sets on M(X') equipped with
the T-topology.

The condition in equation (43) may seem strange, but is there to ensure uniform integrability.
The proof of Lemma 3.11 uses several deep results from functional analysis and we have
chosen to not include it here. The full proof can be found in [24, page 266]. Note that if
@(x) = xlogx, then I,(;) = R(u|x), and we get the following corollary of Lemma 3.11,
which we will use in the next chapter.

Corollary 3.2. Let m € M,(X), then the function R(-|) is a nonnegative lower semicontin-
uous function with compact levels sets on M(X') equipped with the t-topology.
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4 Large Deviations Theory

This chapter is concerned with the study of the large deviation principle. The focus is on
large deviations results that can be applied to analyze the performance of the empirical
distributions of the CMC and IS estimator. We will introduce Cramér’s & Sanov’s Theorems
and version of Sanov’s Theorem that holds for the empirical distributions of the IS estimators
due to Hult & Nyquist [33]. The methods used and the exposition of this chapter is greatly
inspired by the book by Dembo & Zeitouni [24], the articles by de Acosta [2], [3], [1], and
the article by Hult & Nyquist [33].

The outline of this chapter is as follows. In section 4.1 we give the basic definitions related
to the theory of large deviations. This is followed by some existence and uniqueness result
in section 4.2, and sub-additivity techniques developed by Ruelle [46] and Lanford [38] are
introduced. In section 4.3 we show how large deviation principle can be moved between
spaces by different transformations. We state the contraction principle which motivates the
rate function in Sanov’s Theorem for the empirical distributions of the IS estimator. In sec-
tion 4.4 we prove Cramér’s Theorem in Polish spaces and this is combined in section 4.5
with projective systems to prove the classical version of Sanov’s Theorem in Polish spaces
and the space of measures equipped with 7-topology. We end this chapter with some ex-
ample applications of how the large deviations principle can be applied to analyze the CMC
and the IS estimator.

4.1 Definition and Basic Properties

Definition 4.1. A function f : X — [0, o0] is said to be a rate function if it is lower
semicontinuous. Furthermore, if / is a rate function and the level sets

xed : flx) =1}

are compact for every ¢ € [0, oo] then [ is said to be a good rate function.

Definition 4.2. Let X’ be a topological space, B be a o-algebra on X containing all open
sets, and I a rate function on X. Then a sequence of probability measures (i,) is said to
satisfy the large deviation principle with rate function 7/ if

1
. < Tliminf L
1r(}f[ < 11rrln_3101f . log [n (U)], (44)
for every open U C X, and
1
—inf I > limsup — log [x(C)], (45)
c n—>0 N

for every closed set C.

Equation (46) is referred to the large deviation lower bound and equation (47) is referred to as
the large deviation upper bound. In practice the full term large deviations principle is com-
monly replaced by the acronym LDP (see e.g. [25] or [24]). Note the similarity between the
the large deviations bounds and the third and fourth statement in the Portmanteau Theo-
rem. An equivalent formulation of the LDP that follows directly from the definition is given
below.
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Lemma 4.1. Let X' be a topological space and I a rate function on X. Then a sequence of
probability measures (Uy,) satisfies the large deviation principle with rate I if and only if the
following two equations hold for every A € By,

1

—inf I < liminf — log[u,(A4)], (46)
A° n—>oo n
1

—inf I > limsup — log [, (A)] . (47)
A n—oo N

Especially, if inf g0 I = inf I, then the limit

. 1
dim_ -~ log [11,(4)]
exists.

Note that we assume that the Borel o —algebra on X is contained in the o-algebra 8. It is
possible to use the formulation given in Lemma 4.1 to define the large deviation principle
when 8y ¢ B, but we will work under the assumption that 8y C B and from now on
it is always assumed that this condition is met. If X is a regular topological space and a
sequence of probability measures satisfy a large deviation principle on X’ with rate function
I, then the sequence cannot satisfy the large deviation principle with another rate function
(see e.g. [24, Lemma 4.1.4]). If we replace the closed sets in the upper bound with compact
sets we get the definition of the weak large deviation principle.

Definition 4.3. Let X" be a topological space and [ a rate function on &X'. Then a family
of probability measures {it,} is said to satisfy a weak large deviation principle with rate
function [ if it satisfies the lower bound (46) and

1
—inf I > limsup — log [x (K)] (48)
K n—oo N

for every compact set K C X.

It is generally much easier to prove the weak upper bound than the regular upper bound.
However, when (i, ) satisfy a weak large deviation principle then the rate function may not
be unique’. The strengthening of a weak large deviation principle to the full large deviation
principle is often achieved by showing that the sequence (i,,) is exponentially tight.

Definition 4.4. A sequence of probability measures (i) is exponentially tight if for every
a > 0 there exists a compact set K such that

1
lim sup - log [;L,,(X ~ K)] < —«

n—>oo

If the sequence satisfy a weak large deviation principle and is exponentially tight, then the
following Lemma can be used to gain a full large deviation principle (see e.g. [25, Lemma
2.1.5] or [24, Lemma 1.2.18]).

Lemma 4.2. Let (i,) satisfy a weak large deviation principle on X with rate I. If the se-
quence (l4,) is exponentially tight, then I is a good rate function and () satisfy the full
large deviation principle with rate I .

9This explains the usage of the definite article the in conjunction with the full large deviation principle and the
usage of the indefinite article a in conjunction with the weak large deviation principle.
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We summarize the technique described above below.

It is a commonly used technique in large deviations to first that prove that (L) satisfy a weak
large deviation principle, and then show that (i1,,) safisfy the full large deviation principle by
showing that the sequence (W) is exponentially tight.

Before we move on, it is worth noting that it is possible to work with arbitrary nets of mea-
sures instead of sequences. The most common alternative is to replace the sequence (i)
with a net of measures indexed by ¢ — 0. Then, the upper and lower bounds become

—inf I <liminf¢log[us(A4)],
A° e—>0

—inf I > limsup elog [u.(A4)].
A e—0

We will only present large deviation results for sequences of measures in this chapter, but

much of the theory also holds for more arbitrary nets. Especially, apart from the subsection

on sub-additivity all of the theory in section 4.2 hold for when (u,) is replaced by (i) (see

[24]). The same is true for the results in section 4.4 on transformations of large deviation

principles and projective systems.

4.2 Existence of a LDP

In this section we introduce two results which are useful for proving the existence of a
large deviation principle in topological spaces which can be found in chapter 4 of [24]. The
first result, Theorem 4.1, gives a criterion for the existence of a large deviation principle in
topological spaces based on the existence of large deviations limits over all basis elements.
The second result, Theorem 4.2, provides a criterion for the convexity of the rate function
in topological linear spaces.

Definition 4.5. We define the lower large deviation limit of a sequence (it,) of probability
measures as the function L : 8 — [0, co] defined by

1
L(A) := —liminf — log [ (4)].
n—o0o n

and the upper large deviation limit as

L(A) := —limsup ! log [/Ln (A)],

n—>oco N

If the two limits agree we say that L = L = L is the large deviation limit of j1,,. The name
upper and lower large deviation limit is non-standard and they are not to be confused with
the upper and lower large deviation bound.

Theorem 4.1 (Topological Existence Theorem [24, Thm 4.1.11]). Let X’ be a topological
space and U be a base for the topology on X and assume that By C B. Define the upper and
lower rate functions taking values in [0, co] by

I(x):=sup{L(B) : BCU, x € B},

_ _ (49)
I(x):=sup{ L(B) : BCU, x € B}.

IfT = I on X, then (ju,)n satisfies a weak large deviation principle with rate function

I=1=1.
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Theorem 4.1 is very useful in combination with the following Lemma that can be used to
show that the rate function is convex. If one can show that the rate function is convex,
then tools from convex analysis may be used to identify the rate function with the limit
of the Legendre-Fenchel transform of the logarithmic moment generating function of the
measures U,. We will give such a result later in this section.

Theorem 4.2 ([24, Lemma 4.1.21 ]). Let X' be a topological linear space and U be a base for
the topology on X and assume that Bx C B. If I = I and L satisfy

— (B + B
L(1+2

> ) < %(Z(Bl) +Z(Bz)), forevery By, By € U, (50)

then the rate function I is convex.

In order to utilize Theorem 4.1 one must show that the upper and lower rate functions agree
on the full space X, which is the case if

L(B) = L(B) = lim ,1—2 log [1a(B)].

for every B € U(T). In the next section we show how sub-additivity can be used to prove
the existence of the limit above.

Sub-Additivity

Definition 4.6. A function f : N — [0, oo] is sub-additive if
fm+n) < f(m)+ f(n), foreverym,n €N,

and super-additive if

f(m)+ f(n) < f(m+n), foreverym,n €N,

The following property of sub-additive functions follows directly from the definition.

Lemma 4.3. Let [ be a sub-additive function and m,n € N, then

f(mn) <mf(n), and f(mn) <nf(m).

The main application of sub-additivity to the theory of large deviation is to prove the exis-
tence of the large deviation limit L. The usefulness comes from the following result which
can be found in [25, Lemma 3.1.3]*° and [24, Lemma 6.1.11].

Lemma 4.4. Let f : N — [0, 0o] be a sub-additive function. If there exists N € N such that
f(n) < oo foreveryn > N, then

lim S () = inf /()

n—oo n n>N n

< OoQ.

Proof.Let f be sub-additive and n > m > N. Then we may express n as

= non((2] ) em(| 2],

19The proof in [25] contains an error, but the general idea is correct.
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Therefore, by sub-additivity and Lemma 4.3 it follows that

o= (n-n((2]-1)) 1 (2]

The product of the second term satisfy the inequalities

m n mn

l_%<%(m—2)<|_%J—1<n—m=i l'
- n T nm m n
And since m is fixed it follows that

hmM(LEJ_l)ZM

n—>oo n m m

We shall now give a bound for the first term. We may express n as

n
nsz—J—i—r.
m

for some 0 < r < m, which shows that

mgn—m(L%J—l)SZm—l.

Let M := max{ f(k) : m <k <2m — 1}, then

H(rom((2)-)) =

Especially, we get that

lim sup % < %

, foreverym > N.

At the same time
lim inf S = sup inf —f(m) > inf —f(m)
n—oco n k>1m=k m m>N m

By combining the last two inequalities the Lemma follows.
|

Lemma 4.4 combined with Theorem 4.1 can be used to prove the existence of a large deviation
principle for a sequence, (L), of measures. If one can show that for every basis element, B,
the function f(n) := —log[u, (B)] is sub-additive and bounded for n greater than some N €
N, then Lemma 4.4 implies that L = L = L. Hence, the assumptions in Theorem 4.1 are
satisfied and the sequence of measure satisfy the large deviation principle. The application
of sub-additivity to the theory of large deviations was largely driven by its applications to
statistical mechanics and is generally attributed to Lanford [38] and Ruelle [46].

Convexity

We have introduced methods to prove the existence of a large deviation principle and The-
orem 4.1 gives an expression for the rate function as a supremum of the large deviation
limits. Furthermore, if X is a topological linear space and the conditions in Theorem 4.2
are satisfied, then this rate function is convex. Using tools from convex analysis it is many
cases possible to get a better representation for the rate function, and in this subsection
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we present some of the main results from this theory. This section is largely based on [24,
Section 4.5], and also [25, Chapter 2]. In the language of large deviations practitioners the
derivation of nicer expressions of [ is called identification of the rate function. Throughout
this subsection X is assumed to be a Hausdorff locally convex topological linear space, and
we use X'* to denote the topological dual space of X.

Definition 4.7. Let © € M, (X)), then we define the logarithmic moment generating function
of u to be the function A, : X* — (—o0, 00] given by

Ap(d) = log UX et du(x):| .

Note that if X is an X'-valued random variable with distribution p, then

Ap() = logE [e(A’X).]

When X is a real valued random variable we usually write A x(s) in stead of A, (1), and
as the name suggests this is simply the logarithm of the moment generating function of

X:
Ax(s) =log Mx(s) = log |:/R e d,u(x)] .

Lemma 4.5. Forany it € M,(X) the function A, is convex, and for fixed A € X* the function
Ay (At) : R — R is lower semicontinuous.

Proof. Let ¢t € [0, 1] and A1, A, € X'*, then
Ap(trhy + (1 =1)Ay) = log |:/ e{tA1+(1-0)22.x) du(x):|
X

= log |:/ et 12 o (1=0){R2,x) dp,(x):| )
X

Hence, it follows from Holder’s inequality, applied with Holder conjugates 1/t and 1/(1—1),

that
t 1—t
Au(l/\1+(1—l)/\2)§10g|:( [ et du(x)) ( [ e du(x)) }
X X

=tA, (A1) + (A=A, (A2).

Which shows that A, is convex. Next, let # € R and (#,) be a sequence that converges to ¢.
Then, it follows from the continuity of A that

lim eln(/\sx) — et(}hx).
n—oo

Thus, Fatou’s Lemma implies

Au(Ar) = / A dp(x) < liminf/ e g (x) = liminf A, (Aty),
X n—oo X n—>oo

which proves that A, (A7) is lower semicontinuous with respect to .
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The logarithmic moment generating play an important role in the theory of large deviations
as it is closely related to the rate function /. In the case of Cramér’s theorem, which we
state in the next section, the rate function is given by the Legendre-Fenchel transform of
the moment generating function.

Definition 4.8. Let f : X — [—00, o], then the Legendre-Fenchel transform'! of f is the
function f : X* — [—00, 00| defined by

Q) = sup{(X. x) = f(x) : x € X}
—inf{f(x) —(A,x) : x € A}.

For many common distributions the logarithmic moment generating function exists and
is known. Furthermore, if X is a real valued random variable, then the Legendre-Fenchel
transform can be found by solving the continuous 1-dimensional optimization problem

A% (x) = sup{sx — Ax(s).}
seR
This is easily solved by taking the derivative the logarithmic moment generating function
twice (see e.g. [7]).
Example 3. Let X be a N(6, 02) real valued random variable, then the logarithmic moment

generating function of X is given by

5202

A(s) = 50 +

The expression for the Legendre transform is given by

(x —6)?

A*(x) = 352

’

which is the exponent appearing in the probability density function of X scaled by —1.

Example 4. Let X be a Po(A) random variable, then the logarithmic moment generating
function of X is given by
A(s) = Ae® —1).

The expression for the Legendre transform is given by

A*(x)=21—x +xlog(;—c)

There are two important results that play an essential role in identifying the rate function
as the Legendre-Fenchel transform of the logarithmic moment generating function. The
first is a well known result in the theory of large deviations from [52] which is known as
Varadhan’s Lemma. The version we present below can be found in [48, Theorem 2.1.10] and
[24, Theorem 4.3.1]

Theorem 4.3 (Varadhan’s Lemma). Let X’ be a regular topological space and (ji,) satisfy the
large deviation principle with good rate function I. If f € Cp(X) satisfies either

M—oo psoo N

1
lim limsup — log |:/ e dun] = —00, (51)
f=M

11 Also known as the convex conjugate of f or simply the Legendre transform of f.
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or

1
lim sup — log |:/ en/ dun] < 00, (52)
n—oo N X
for somea > 1, then
1
lim — log [ / e/ dun:| = sup{f(x) — I(x)}. (53)
n—oon X XEX

The right hand side of equation (53) is the the Legendre-Fenchel transform of /. Further-
more, since any A € X* is an element of Cp(X) we can apply Varadhan’s Lemma to the
function f(x) = (A, x). Then, we get the following corollary.

Corollary 4.1. Let X be a regular topological space and (i) satisfy the large deviation
principle with good rate function I. If A € X* and there exists & > 1 such that

1
lim sup — log |:/ oA dp,n:| < 00,
X

n—oo N

then |
lim — log [/ e"Aox) dun} = sup{(A,x) — I(x)} = I*(x). (54)
X

n—-oon xeX

If the limit in equation (54) exists and is finite, then we define

1 1
A(A) = lim —A,, (nA) = lim —log [ / e"Ax) du,,(x)] (55)
n—oon n—oon X

Note, that if A(A) is finite for every A € X'*, then we may consider A as a function from X'*
to R. The next theorem, which is a well known result from convex analysis can be applied
to A to identify the rate function.

Theorem 4.4 (Biconjugate Theorem, see e.g. [8, Theorem 2.22]). Let f : X — (—00, o]
not be identically oo, then f = f** if and only if f is convex and lower semicontinuous.

If I is a good convex rate function, then the biconjugate Theorem implies that I = [**. If
the conditions of Varadhan’s Lemma hold for every A € X'*, then it follows from Corollary
4.1 that /** = A*. This proves the following theorem.

Theorem 4.5. Let X be a regular topological space and (|L,,) satisfy the large deviation prin-
ciple with good convex rate function I. If A(X) exists and is finite for every A € X*, then

I(x) = A*(x).

There are many variations and results which are similar to Theorem 4.5 and that can be
used to identify the rate function with A* under different conditions. However, the main
idea underlying these results is the variational formula given in Varadhan’s Lemma and
the biconjugate Theorem. The next theorem, which we state without proof, can be used to
identify the rate function associated with a weak large deviation principle. We will use this
to identify the rate function in Cramér’s Theorem.

Theorem 4.6 ([24, Theorem 4.5.14]). Let (itn,) satisfy a weak large deviation principle with
convex rate function I on X, and the limits

1
A(A) = nli)rr;o ;AW (Ant) € [—o00, 9]
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exist for every A € X* and are lower semicontinuous on R with respect to t. If it holds for
every A € X* and o € R that

inf{I(x):xeX, (A,x)—a >0} < s1r>1£ A (s), (56)

then
I(x) = A*(x).

4.3 Cramér’s Theorem

In this section we present one of the most well known results from the theory of large
deviations Cramér’s Theorem. We will prove a general version of Cramér’s Theorem for
random variables taking values in Polish spaces. Given a sequence (X;) of i.i.d. real valued
random variables, we can form the empirical means

1
Sn = ;ZXZ

i=1

The strong law of large numbers implies that S, — E[X;] almost surely if the expected value
of the random variables X; is finite. The classical version Cramér’s Theorem establishes a
large deviation principle for the distributions of the random variables S, based on the criteria
that the random variables have finite moment generating functions.

Theorem 4.7 (Cramér’s Theorem). Let (X;) be a sequence of i.i.d. real valued random vari-
ables with distribution [, and let |1, denote the distribution of the empirical mean S,. If
Mx (s) < oo foreverys € R, then the sequence (ji,) satisfies the large deviation principle

with rate function

I = A% (x) = sup{sx — Ax(s)}.
seR

IU the 10 f,fc eve ) o€ Hi 1t he :
111 O g ‘u’” [Cl’ O :) H>l (‘S ) .

Cramér’s Theorem can be extended to R¢ for any d € N and to more general (even infinite-
dimensional) topological linear spaces. The main goal of this section is to prove a version
of Cramér’s Theorem that holds under the following assumption.

Assumption 1. The space X is a locally convex Hausdorff topological linear space and € C X
a closed convex subset satisfying

1. u(€) =1
2. & is Polish in the subspace topology.

Throughout this section we assume that the criteria in Assumption 1 are satisfied.

Assumption 1 is equivalent to part (a) of [24, Assumption 6.1.2], however we drop part (b)
of [24, Assumption 6.1.2]: co K is compact whenever K C & is compact. The reason for
dropping part (b) is that in a completely metrizable locally convex space this always holds
by Theorem A.9 (see [5, Thm 5.35]). Therefore part (b) of Assumption 6.1.2. in [24] is
redundant as it follows from part (a).
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Empirical Means in Topological Linear Spaces

Consider a sequence (X;) if i.i.d. random variables with distribution y defined on (2, ¥, P)
taking values in the topological linear space X'. In this section we study the large deviations
of the distribution of the empirical means S, : Q2 — X, defined by

$1(@) = Y Xifo).

i=1

The distribution of the empirical mean is given by i, = P08, ~!. Now consider the random
vector X, : @ — A defined by

Xp = (X1.-+ . Xn),

which is a random variable with distribution " = u ® --- ® p on (X " B"MX )) Then we
may express the empirical means as S, = S, 0 X;,, where S, : " — X is the map defined

by
1 n
Sp(x) = - zxi.
=

Since & is a topological linear space it follows that the map S, : A" — X is continuous
and therefore it is Borel-measurable. Thus, by Lemma A.7 it follows that the distribution
Un of Sy, equals the distribution of the random variable S, i.e.

Un =P Osn_1 = pu" OSn_l,

and we will use both representations. A useful property of the empirical means is that it is
possible to express them as convex combinations on the form

m n 1 m+n
S = S — X;.
m-+n m+nm+m+nni=;+l i

This type of decomposition will be used often and therefore we introduce the notation

s,’f::ﬁ.z X,

using this we can rewrite the previous equation as

m n m
Sm+n:—m+nSm+—m—}—nsm+n. (57)

Subadditivity of u,

Lemma 4.6. Let A C &£ be Borel measurable and convex and m,n € N, then

Mm (A)/’Ln (4) < Hm+n (A).

Proof. Let A C £ be a Borel-measurable convex set. For any m,n € N, equation (57) shows
that we may express S;,+, as a convex combination of S,, and S}, . The set A is convex,
thus if

y €S, N (A)NS™, ~l(A),

m-+n
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then it follows from the convexity of 4 and equation (57) that

Smtn (Sm (A NST L, 7' (A) C A

m+n

Which shows that
{SmeAyN{Sr. € A} C{Sm+n € A}. (58)

m+n

Since the random variables X; are independent, it follows that S,, and S}, are indepen-
dent, and that

P({Sm e Ay n{Sh,, € A}) =P(Sm € A)P(Sh,, € A)
= 1" (Sm € A" (Sn € A)

= fim (A) pn (A).

Combining this with equation (58) yields the inequality

Mm (A pn(A) <P Smin € A) = tmin(A4).

Corollary 4.2. Let A C £ be Borel measurable and convex, then the function

f(n) := —log[pa(A)]
is sub-additive.

Proof. The measures i, are probability measures, hence 0 < u,(A) <1 for every n € N.
Using Lemma 4.6 and taking logarithms on both sides yields, the inquality

0 < —log [tm(A)] —log [1tn(A)] < —log [tm+n(A)].
Which shows that f(n) = —log [/L,, (A)] is sub-additive.
[ |

We have showed that () are sub-additive, but in order to apply Lemma 4.4 we must show
the following Lemma.

Lemma 4.7. Let A C £ be open and assume that there exists m € N such that j1,,(A) > 0.
Then there exists N € N such that

un(A) >0, forevery;n > N.

Proof. Let u,;(A) > 0. We are going to show that there exists a point z € A such that
all open neighborhoods of z have positive y,,-measure. Assume for contradiction that no
such point exists, then there exists an open neighborhood Uy of every point in A such that
Wm(Uyx) = 0. Since the topology on £ is metrizable it follows from Urysohn’s Metrization
Theorem that it is second countable, hence Lindel6f'?. Thus, every open cover of A has
a countable subcover, which means that there exists a countable subcollection {Uy; } that
covers A. Hence,

0 < um(A) = n[JUs ] =3 1m@).

which implies that pt,,(Uy,) > 0 for some i € N which is a contradiction.

12 A topological space is Lindelsf if every open cover has a countable subcover.
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Now, let z € A be a point satisfying um, (U) > 0 for every open neighborhood and consider
the function f : [0, 1] X £ x £ — & defined by

ft,x,y)=tx+(1—-1t)y.

Since X is a topological linear space and £ inherits its topology from &’ it follows that the
function f is continuous with respect to the product topology on [0, 1] x £ x £. Further-
more,

f(0,z,y) =z€ A, foreveryy €€,

and the continuity of f implies that f~!(A) is open. Hence, for every y € £ there exists
an open neighborhood [0, ¢,) x U, x Vj, of (0, z, y) such that

F([0.ey) x Uy x Vy) = (1 —t)Uy + 1V, C A, foreveryt € [0,¢y). (59)

The sets {V}},ex form an open cover of K, which is compact thus, there exists a finite

subcover of K. Let {V,, }7_, be a finite subcover and define

n
U .= ﬂ Uy,, ¢:= min ey,
i=1
Then U is an open set, and by equation (59) it follows that
(1=1)U +tK C A, foreveryt €[0,¢).

Since X is a locally convex space there is a basis consisting of open convex sets, thus we
may find an open and convex subset C C X suchthatz € C C U and

(1—-2)C +tK C A, foreveryt € [0,¢). (60)

Hence,

n ((1 —-1C + tK) < un(A), foreveryt € |0,¢). (61)

Let N = [1]andn > N, then there exists ¢, € N suchthat 1 <r <mandn = mq +r.
Note that the decomposition always leaves the term r nonzero, which we will use later.
Furthermore we can decompose S, as

1 1
Sn =~ (m4Smq +rS;7) = ~ ((1 = 1)Smq + r8;17)

r r
(1 - 7_1) qu + ;s;nq
Then r/n < € and
r r
fSng € OIS e Ky c s, (1- )€ + LY.

Thus, it follows from the independence of S,,,, and S that

r r
Hmg (C)pr (K) < pin (Sn (1 - ;) C + ;K> )
which combined with equation (61) yields the inequality

Pmg(C)pr (K) < pin(A). (62)
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Thus, all it remains to show is that both factors on the left-hand side of equation (62)
are nonzero. Consider the finite collection {{t1,..., um} C M;(X). Any finite collec-
tion in a topological space is compact and thus Prokhorov’s Theorem (3.15) implies that
{i41, ..., Wm} is tight, i.e. there exists a compact set K C & such that

wi(K)>0, i=1,...,m. (63)

Since, 1 < r < m it follows from equation (63) that u,(K) > 0. Next, note that C is an
open convex subset of 4, and therefore Lemma 4.6 implies that 4 (C) > pwm(C)4.

Finally, C is a neighborhood of z, hence of positive jt,,-measure, which shows that

0 < um(C) pur(K) < pin(A).

Cramér’s Theorem in Polish spaces

We are now ready to prove that the empirical means satisfy a weak large deviation principle,
and that a version of Cramér’s Theorem also holds under Assumption 1.

Lemma 4.8 ([24, Lemma 6.1.7 & 6.1.8]). The sequence (i,) of distributions of the empirical
means satisfy a weak large deviation principle with a convex rate function I satisfying

1
lim —log u,(A) = — inf I(x), (64)
n—o0 x€A

for every convex and open A C X.

Proof. The space X is a locally convex topological linear space and therefore there exists a
basis € consisting of open convex subsets. Let A € €, then A N £ is convex and

Un(A) = uy(ANE), foreveryn e N,

since 4y (£) = pn(X) = 1 for every n, Hence, we may without loss of generality assume
that A C €& is convex and open. Now, we are going to show that the limit L(A) exists
for every basis element. If u,(A) = O for every n € N, then L(A) = oo, and the limit
trivially exists. Otherwise, there exists m € N such that u,,(4) > 0 and by Lemma 4.7 it
follows that p, (A) satisfy the assumptions of Lemma 4.6. Hence, Corollary 4.2 implies that
f(n) = —log[un(A)] is sub-additive, and therefore by Lemma 4.4 the limit L(A) exists and
is given by
L(A) = lim —l log [/Ln (A)] = — sup l log [H«n (A)]

n—-»oo n n>N 1
Thus, L(A) exists for every A € €, and the topological basis existence theorem, Theorem
4.1, yields the existence of a weak large deviation principle for (i, ) with rate function 7
given by

I(x) :=sup{L(A) : x€ A, Ac €}

Next we show that the rate function / is convex. In order to apply Theorem 4.2 we must
prove that L satisfies the condition

A A 1
L (%) < E(L(Al) + L(A)), forevery Aj,A> € €. (65)
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Let Ay, A2 € €, and assume without loss of generality that A, Ay C £. Note that we may

decompose S, as

1
E(S” +85,) = Son.

By convexity it follows that

(8, € A1) N {SL, € A5} C {sz,, c M},

2

and by the independence of S, and S}, combined with the inclusion above we get the in-
equality

Mn (A1) pn(A2) < pon (m) .

2
Taking logarithms on both sides yields

A A
log [1tn (A1) ] log [ (A2)] < log [Mzn (%)} =<0.

By multiplying both sides by —1 and taking limits as n — oo shows that equation (65) holds.
The convexity of I now follows from Theorem 4.2.

We will now prove that the identity in equation (64) holds for every open and convex set
A C X. Without loss of generality we may assume that A C £. If L(A) = oo, then (64)
trivially holds, otherwise if L(A) < oo then

1
L(A) = — lim —log pn(A) < inf I(x) (66)
n—oon x€A

by the large deviation principle lower bound. We will now show that the reverse inequality
also holds. Let ¢ > 0, then it follows from (66) that there exists N € N such that

1
——log[un(A)] < L(A) +¢, foreveryn > N.
n

Since X is Polish it follows from Ulam’s Theorem that every finite measure is tight. Hence
for any § > O there exists a compact set K C A such that

pun(A\ K) <.
Choose § = (1 — e ®)upn(A), then
e *un(A) = un(4) =8 < pun(K),

and
~log [y (K)] < ~log [un (4)] +&.
Which shows that

—log [un (K)] < —log[un(4)] + & < L(A) + 2e. (67)

Thus the identity (64) holds for compact sets. We will now show that it holds for arbitrary
convex open sets A C X. The space £ is metrizable and therefore regular by Urysohn’s
metrization theorem, which implies that for every x € A there exists an open set U, with
x € Uy and Uy C A. Furthermore, since & is locally convex the sets U, can be taken to
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be convex. Since K is compact it may be covered by a finite subcollection {U; }5?:1 of these
sets. Define

k
U U; Neo(K)],

and note that K C co(K) is a union of compact sets (since co(K) is compact whenever
K is compact in completely metrizable locally convex space). Let C = co(K), then C is a
compact, closed, and convex subset of £ that satisfies the set inclusion

K C C Cco(K) C A.

Therefore

—log [1a(A)] < ~log[1n (€)] < —log [ (K)] < L(4) + 2e.

Since C is convex and closed it follows from Corollary 4.2 and the properties of subadditivity
that

lim sup - log [/L,, (C)] = hm 1nf—— log [un (C)] = 11m 1nf—i log [,un (C)]

n—>oo

< lim 1nf—L log [1an (C)] < hm _N log[un(C)]  (68)

n—oo

= _N log [/,LN(C)] < L(A) + 2e.

And since C is compact and C C A the large deviation upper bound gives

1nf I(x) < 1nf < —limsup —log [;Ln(C)] < L(A) + 2e.

n—>00

Since this holds for every ¢ > 0 it follows that

inf I(x) < L(A),
xeA
Combined with equation (66) this shows that
.1 .
lim —log [Mn (A)] = — inf I(x).
n—>oon x€A

We are now going to show that the rate function is given by the Legendre-Fenchel transform
of the moment logarithmic moment generating, just as in the one-dimensional case.

Theorem 4.8 (Weak Cramér’s Theorem). The sequence (W,) of distributions of the empirical
means satisfy a weak large deviation principle with a convex rate function I = A*, and

1
lim —log un(A) = — inf A*(x), (69)
n—-oo n xX€A

for every convex and open A C X.

Proof. It follows from the previous Lemma that (u,) satisfy a weak large deviation prin-
ciple with convex rate function /. We are now going to use Theorem 4.6 to identify the
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rate function. We start by noting that since the variables X; are independent it follows
that

1 I
Ay, () = = logE [emt-50)]
n Mn( l’l) n Og e

= LiogE [ X+ 0]
n

= l 10g (]E [et()"xl)] ... E I:et(A,Xn)iI)
n

1
= —log |:/ e du} = A, (A1).
X

n
Hence,

1
Ax(t) = lim — Ay, () = Au(A1),

and the limit exists for every A € A* and ¢ € R. Furthermore, it follows from Lemma 4.5
that A (¢) is lower semicontinuous. It remains to show that the inequality in equation (56)
is satisfied, i.e. that

inf{I(x):x € X, (A,x) —a > 0} < inf AJ(s)
S>o

Since every element A € X* is bounded it holds that the random variables (A,S,) are
bounded. Furthermore, by linearity of 1 we get that
1 n
(A.8a) = = D (A, Xi).

n’
i=1

This is the empirical mean of a sum of i.i.d. bounded real valued random variables and
therefore the logarithmic moment generating functions of (A, X;) are finite and Cramér’s
Theorem for real valued random variables holds. Especially, we get that

lim lIP’(()L,Sn) € [a,0)) = nli)rr;o%log [nfx s (A, x) —a = 0}] = — inf A5 (s). (70)

n—oo n

Note that level sets {x : (1, x) —a > 0} are convex and open subsets of X, thus by Lemma
4.8 it holds that

lim llogun({x A x)—a > 0}) = —inf{/(x) : (A,x) —a > 0}. (71)
n—o00 1
And since {x : (A,x) —a > 0} C {x : (A, x) —a > 0} we get that
log fin ({x 1 (A, x) —a > 0}) <log pn({x : (X, x) —a > 0}),
which combined with equation (70) and equation (71) yields the inequality
—si1>1£AI(s) <—inf{l(x):x € X, (A, x) —a > 0}.

This is equivalent to the condition on the rate function in Theorem 4.6, and it follows that
(un) satisfy a weak large deviation principle with rate AJ,.
|

Even if Theorem 4.8 can be applied in much more general spaces than Cramér’s Theorem
in R it only proves that (i, ) satisfy a weak large deviation principle. However, by Lemma
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4.2, the full large deviation principle can be attained by showing that the sequence () is
exponentially tight. This the case for the distributions of the empirical means in R? if the
logarithmic moment generating function is bounded (see e.g. [24, pp. 38—-39]. Thus, by an
application of Lemma 4.2 we get the following corollary of the Weak version of Cramér’s
Theorem.

Corollary 4.3 (Cramér’s Theorem in R¥). Let (X;) be a sequence of i.i.d. real valued random
variables with finite logarithmic moment generating functions. Then the distributions (i,) of
the empirical means (Sp) satisfy the large deviation principle with good rate function A},.

4.4  Transformations and Large Deviations

A natural question to ask is how the large deviation principle behaves under transforma-
tions. When f : X — ) is a continuous map and (i) satisfy a large deviation principle
on X, then it can be shown that a large deviation principle also holds on ).

Theorem 4.9 (Contraction Principle). Let X', ) be Hausdor(ff topological space and f : X —
Y be continuous. If I is a good rate function on X, then J defined by

J(y) :=inf{l(x) : x e X, f(x) =y},

is a good rate function on Y. Furthermore if (L, ) satisfy the large deviation principle with rate
I on X, then (w, o f~V) satisfy the large deviation principle on' Y with rate J .

The contraction principle can be very useful to derive new large deviations from existing
ones and we will see an example of this later when we introduce Sanov’s Theorem for the
empirical distributions of the IS estimator. Even when the map f is not continuous the con-
traction provides a good guess for how the rate function might look on Y if it exists.

Another very useful tool that can be used to transform existing large deviations results to
new spaces is based on projective limits.!*> We start with the definition of projective limits
of topological spaces and some of their basic properties which can be found in [16, §4.4] and
[24, Appendix B.1].

Definition 4.9. Let (X, 7y)qer a collection of topological spaces indexed over a partially
ordered set /, and (pag)q,ger a collection of maps satisfying

1. pag : Xg — Xa.

2. Pay = PaB © PBy ifa<pB<y.
Then (X, pyg) is called a projective system.

Definition 4.10. Let (X, pg) be a projective system, then the projective limit of (X) is
the space

lim X, := {x € HX“ ! Xo = pag(xp) forevery o < f8 }
equipped with subspace topology inherited from the product space [] Xy.
The following theorem summarizes some important facts about projective limits.

Theorem 4.10 ([16, §4.4 Proposition 9]). Let (Xy, pag) be a projective system, then

3Projective limits are also known as inverse limits (see e.g. [16]) but in the large deviations literature the term
projective limit is most commonly used.

61



1. The restriction of the projection maps py, : [[ Xo — X tolim X are continuous maps.
—

2. If for every a € I there is basis, Uy, of Xy, then the collection
U=1{p," (By) : a€l, Byc Uy}

is a basis for the topology on lim X.
3. If X, are all Hausdorff, then 1(21 X is a closed subset of [ | Xy (thus Hausdorff).

4. If A C ][ Xy is closed, then

A = lim py(A) = lim py(A).

The usefulness of projective limits to theory of large deviations is that large deviations re-
sults can be transformed from the spaces &}, to the projective limit lim A,,. One of the main
<~

advantages of the projective limits methods is that it is possible to go from finite dimensional
large deviation principles to an infinite-dimensional large deviation principle. Dawson and
Girtner introduced the method of projective limits in [23]. These ideas have been expanded
upon by de Acosta in [3] and [1]. One major difference in de Acosta’s work is that he shows
that it possible drop the assumption that X is the projective limit of the projective system.
Instead, the following assumption is used in [3] and [1].

Assumption 2. Assume that (Xy, pag) is a projective system and that there exists a set X
and a collection of maps { pq } that satisfy:

1. py : X — X, are surjective maps.
2. Pa = Dap © pg foreverya < B.
3. The collection {py} separates points in X.

Further assume that X is equipped with the weak topology generated by the maps {py}, and
that B is a 0 -algebra of subsets of X that satisfy:

1. Every compact subset of X is in B.
2. There exists a basis U C B for the topology on X.

Note that since the collection { p, } is separating it follows that X" is a Hausdorff topological
space in the weak topology generated by {p,}.

Theorem 4.11 ([3, Theorem 4]). Let X,(Xy, pog) and B = o(py) satisfy assumption 2 and
(in) be a sequence of probability measures on (X, B). If

1. (;L,, o pa_l) satisfy the large deviation principle on Xy with rate function I, for every
o, and

2. there exists a function I : X — [0, 00] such that {I < M} is compact for every M > 0
and

Ia(2) = nf{I(x) : 2 = pa(x)}.

Then () satisfy the large deviation principle on X’ with rate I . Furthermore, I is a good rate
function and

I(x) = sup {Io(pa(x))}.
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Theorem 4.11 may seem very abstract, but it is a very powerful tool that lets us lift large
deviation principles from lower dimensions to higher dimensions. The general idea for
us will be the following. We are interested in the large deviations of the distributions
(nn) € MI(MI(X )) of either the empirical distributions L, or I,. Then we can use Cramér’s
Theorem for large deviations in the finite dimensional spaces R? and by defining a suitable
projective system show that that the measures () also satisfy a large system principle,
and we will show how this can be done in the next section.

4.5 Sanov’s Theorem

In this section we study the large deviations of the empirical distributions. Sanov’s Theo-
rem asserts that L,, satisfy a large deviation principle and just like in the case of Cramér’s
Theorem there are many variations of Sanov’s Theorem.

Sanov’s Theorem in the Topology of Weak Convergence

Let X be a Polish space, then we know from Theorem 3.14 that M, (X)) is Polish. Further-
more, if (X;) is a sequence of i.i.d. X'-valued random variables with distribution u € M, (X).
Then the random variables 8y, are B, -measurable by Lemma 3.10 and Lemma 3.9. Since
the space M(X) is a is a topological linear space in the topology of weak convergence it
follows that the empirical distributions

1 n
- 1%
n’
i=1
are By, -measurable. Let p denote the distribution of the random variables §x;, and note

that
m(M, (X)) = P(8x, € My(X)) = 1.

Thus, the conditions of Assumption 1 are satisfied and the Weak Cramér’s Theorem in Polish
spaces (Theorem 4.8) can be applied to the distributions (@) of (L,). This shows that ()
satisfy a weak large deviation principle on M, (/X’). We state this as a Lemma below.

Lemma 4.9. The distributions (,) of (L) satisfy a weak large deviation principle on M(X)
with convex rate function

1) =A, )= sup {{fiv)=Au(f)}

feCp(X)
Note that
A(f)= sup {{fiv)—Au(f)}

SeCp(X)

= sup {fv —logIEl f‘gXi)]}
SeCp(X)

= sup {fv —logE[e f(Xi)]}
SeCp(X)

= sup {(f,v)—log[/ efd,u]},
SeCp(X) X

where the supremum is taken over Cp(X’). The reason for this is that Cp(X) is separating
and ( f, -) is linear on M(X), hence, the topological dual of M(X) in the weak topology is
Cp(X).
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A full large deviation principle can be achieved by showing that the distributions () are
exponentially tight. This is a well-known result which we state below. A proof can be found
in [24, Lemma 6.2.6].

Lemma 4.10. The sequence of distributions (i) of the empirical distributions (Ly) are ex-
ponentially tight.

The final component that will be used in the proof of Sanov’s Theorem is the identification
of the rate function A}, with the relative entropy. The following lemma can be found in [25,
Lemma 3.2.12]

Lemma 4.11. Let p be the distribution of §x,, then

R(v|w) = A} ().

Theorem 4.12 (Sanov’s Theorem). Let X' be a Polish space and X; a sequence of X -valued
random variables with distribution ju. Then the distributions (jt,) of the empirical distributions
(L) satisfy the large deviations principle with good rate function I(v) = R(v|u).

Proof. By Lemma 4.9 the distributions (@ ,) satisfy a weak large deviation principle with
convex rate function /(v) = A, (v). Next, we use the fact that the distributions (x,) are
exponentially tight (Lemma 4.10), hence, by Lemma 4.2, they satisfy the full large deviation
principle with rate /. Finally, by Lemma 4.11, the rate functions equals R(:|u).

Sanov’s Theorem in the t-topology

Sanov’s Theorem also holds on (M, (X)), By) and then the condition that X is Polish can be
dropped. In [2], it is showed that Sanov’s theorem holds in the t-topology whenever X is a
measurable space and the X;’s are X'-valued random variables. In what follows we show the
main ideas from [2] and how they can be used to derive Sanov’s Theorem in the 7-topology
when combined with the projective limits results from earlier. The main idea is to define a
projective system such that w, o p, ™! satisfy a finite-dimensional large deviation principle
and then apply Theorem 4.11 to get the large deviation principle of (@) in M, (X).

Let ¥ be the collection of all finite subsets of B(&X"). Then ¥ is a directed set when ordered
by inclusion, and we can define the projective system (RF, (HFG)F’Geﬁ). When FF C G
the map [ fg : RY — R¥ is defined to take a function ® : G — R to its restriction on F,
ie.

Hrg(®) = P@lF.
Next, for each F € F we define the the projections Iz : M(X) > R¥ as
Orp@) = d|F,

where ®,|F € RF, denotes the restriction to F of the map ®, : B(X) — R, given
by
.= [ fav.
x

It can be shown that the weak topology induced by the maps {I1r}freg is equivalent to
weak topology generated by W ¢ (i.e. the T-topology).
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Now, consider the distributions of the projection maps u, o Mg '=Po L, Yol 'on
R¥. By definition, u, o I1 7! is the distribution of the random variables S,, : Q@ — R¥
given by S,, = Il o L,. Furthermore, we can express S, as

1
Snzr—lZFj, FJ'Z(DISleF'
j=1

The functionsF; : Q — R¥ are random variables. Hence, S,, can be considered as the mean
of collection of random variable of R¥ -valued random variables. Furthermore, any finite
dimensional real linear space is linearly isometric to R?, where the d is the dimension of the
linear space. Hence Cramér’s Theorem in R¥ (Corollary 4.3) implies that the distributions
of S, satisfy the large deviation principle, and the rate function is given by

n

Ir(z)= sup ¢ ) z(NHw(f)~log [ / eZ?'EFZ‘f’f“)du(x)}
X

weRF feF

This shows that the first condition of Theorem 4.11 is satisfied. Part of the second condition
is covered by the following lemma from [2].

Lemma 4.12 ([2, Lemma 2.2]). The rate function I : RF — [0, o0] satisfies

Ir(z) = inf{R(v|p) : z = IIF (v)}.

In light of this result, all conditions of Theorem 4.11 are satisfied if the relative entropy has
compact level sets in the t-topology, which we know is true (see Corollary 3.2). Thus, the
following version of Sanov’s Theorem follows.

Theorem 4.13 (Sanov’s Theorem in the t-topology). Let X' be a measurable space and (X;)
a sequence of X -valued random variables with distribution j1. Then the distributions (i) of
the empirical distributions (L,) satisfy the large deviations principle on (M{(X), By) with
good rate function I(v) = R(v|p).

Sanov’s Theorem can be used to analyze the convergence rate of empirical distributions
of the CMC-estimator and we will show examples of this in the next chapter. However,
it cannot be applied directly to analyze the convergence rate to the IS estimator. Using
the weak convergence approach to large deviations Hult and Nyquist proved in [33] that
the empirical measures of the IS estimator with importance function f satisfy a Laplace
principle.

Theorem 4.14 (Hult & Nyquist [33]). Let X, Y be X valued random variables with distribu-
tions u KL m, and f : X — [0, 00). If there exists a function U : X — [0, oo] satisfying

1. erU dr < oo, and
2. [, e 7P dr < oo, for everyt > 0.

Then the sequence 1,,( f) satisfy the Laplace principle:

1
lim - logE [e—"q’“n(f ))] =~ inf {®()+ 1)} forevery ® € Cp(M4 (X)),

n—>oon VEM 4 (X)

with rate function
I(v) = inf {R(0,7) : 0 € My(X), R(0o,7) <00, v=[,fwdo},

in the t-topology.
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4.6 Applications to Monte Carlo Estimators

We are now going to look at how the large deviation principle can be applied to estimate
the sample size required in CMC. Let us start by considering the case where we want the
CMC estimator to achieve relative precision ¢ with confidence level 1 — ¢, i.e.

IP’(|9,,—9| <g|9|) >1—a. (72)
We write
R, := B (0,¢l6)),
to denote the open balls in R corresponding to the relative precision €. Let A, = Rg, then
the identity in equation (72) is equivalent to

P (6, € A;) < a.

Let u, denote the distribution of the CMC estimator 8,. We want to find n € N such that
the u,(A;) < o. Assume that the sequence of measures (ji,) satisfies a large deviation
principle with rate function /. Then, since the sets A, are open, the large deviation upper
bound would imply that

1
lim sup — log [4n(Ae)] < —inf 1.
n—>0 T Ae

For large n we can interpret this as
Un(Ae) S el o),

Thus, to achieve the desired precision with confidence 1 — o we want

e Ae) <

Note that / > 0 and o € (0, 1), thus by taking logarithms of both sides we get
nl(Ag) > log(a)

Rearranging we get the identity
log(a)
ng—-. 73)
~ 140 (
Example 5. Consider the case when want to compute § = E[X] for X ~ N(6,52). Then
the rate function is given by

and
£262

I(4e) = inf{I(x) : [x = 6] > el6]} = 5

Thus, by equation (73), we want

> log(a)20?
~og262
Note that this is very similar to the bound we derived in equation (12) in chapter 2, where
we derived the following estimate from the confidence intervals of the CMC-estimator.

2 2
0> Z1-a/20
N e262
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One may go one step further and ask how well does the empirical distributions L, approx-
imate the measure p. Given a function ® : M;(X) — R one may define the sets

Ae = (v € My(X) 1 [O(v) — B()| = P (1)}
Sanov’s Theorem can then be applied similarly to how Cramér’s Theorem was used above.
P(L, € 4;) S e M),
Thus, we would like to have

n > log(a)’
~ I(Ag)

just like before, but where

I(Ae) = inf{R(v[p) : |P(v) — P(n)] = eP (1)}

Section 4 of the article by Hult & Nyquist [33] contains several examples of how Sanov’s
Theorem and Theorem 4.14 can be applied to evaluate the performance CMC and IS esti-
mators. For more on the application of large deviations to importance sampling and rare
events the book [17] is a good introduction. Another recent book on large and moderate
deviations with applications to rare events, based on the weak convergence approach, that
covers many more applications of the large deviations principle is [18].
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5 Conclusion

We have shown that many known results in the theory of weak convergence of probability
measures also hold in the space of nonnegative finite measures. Especially, we have shown
that empirical distributions of the IS estimator converge weakly. Furthermore, we intro-
duced the t-topology and compared it with the topology of weak convergence. Many of
these results were required in chapter 4 on large deviations.

All of the results in chapter 4 are known and due to others. We closely followed the ap-
proach of Dembo & Zeitouni [24], Deuschel & Strock [25] and de Acosta [2], [3], where
convexity in topological linear spaces play an important role. We also introduced projective
limits and showed how Sanov’s Theorem can be deduced from Cramér’s Theorem for finite
dimensional spaces. We believe that Sanov’s Theorem for the empirical distributions of the
IS estimators (Theorem 4.14) can be proved using similar methods and that the condition
that X is Polish can be replaced with the much weaker condition that X" is a measurable
space. Just like in the case of Sanov’s Theorem in the t-topology.

The proof of Theorem 4.14 in [33] uses the weak convergence approach to large deviations.
We have not discussed the weak convergence approach, but it is extensively covered in the
research monograph [30]. An interesting question is whether these results can be extended
to the weighted importance sampling estimator J,. The case of the weighted importance
sampling estimator is much more difficult, because independence is lost. Another challenge
is that the estimator is biased.

Finally, we showed how Cramér’s and Sanov’s Theorem can be applied to approximate re-
quired sample size to achieve a desired precision using the Monte Carlo method. There are
many clever way to define sets like we did with A, in Chapter 5 that can be used gain insight
into the performance of the CMC and IS estimators. Several examples are given in section
4 of [33]. We compared this with the required sample sizes that can be derived from the
confidence intervals of the CMC estimator, but there are other results which can be used
to estimate the required sample sizes to achieve a desired precision. A recent result of this
nature is given [19], where the relative entropy appear in their formula for the required
sample size. It would be interesting to study whether some of these bounds on the sample
size can be attained using the large deviation bounds.
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A Preliminaries

A.1  Measure Theory

We use #4 to denote an algebra of subsets of X and B to denote a o-algebra of subsets of
X. Given a collection € C 2% we use 0(€) to denote the smallest o-algebra containing €
and A (€) to denote the smallest algebra containing €. The inverse image of a o-algebra is
always a o-algebra and it leads to the following.

Lemma A.1([5, Lemma 4.23]). Let f : X — Y and € C 2%, then

o (f7H(©) = fH(o(©).

The lemma above implies the following useful result.

Lemma A.2 ([5, Corollary 4.24]). Let (X, Bx) and (Y, By) be measurable spaces. If By =
0(€), then f : X — Y is measurable if and only if

f7HC) e By, foreveryC e €.

Given a nonempty collection of functions ¥ from X to a measurable space (), By), the
o-algebra generated by ¥ is defined as the smallest o-algebra which makes every function
in ¥ measurable. It is given by

o(f: feF)=0(fUBy): feF).

Whenever X is a topological space we use By to denote the Borel o-algebra. Recall that the
product o-algebra on the product space X' of the measurable spaces {(Xy, 8By} is defined
as

Q) Ba :=0 ({p;" (Aa) : Aa € Ba}).

where p, denotes the projection map onto the «-th coordinate. From this definition and
the definition of the product topology it is clear that for every collection (X,) of topological

spaces
R B(x) C B (]’[ Xa> .

For countable collections the following useful results hold (see e.g. [31, Proposition 1.4-5])

Theorem A.1. Let I be a countable collection, and (X;, B;) a collection of measurable spaces,
then

®Bi =0 ({HAi T A€ 31}) .

iel

Furthermore if X; are separable and second countable topological spaces, then
QB =3 ([]x).

Definition A.1. A collection, & of subsets of X is called a w-system if & is closed under
finite intersections.

Definition A.2. A collection, D of subsets of X is called a A-system if it satisfies
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1. X e d.
2. B\ A € D whenever A, B € D and A C B.
3. lim, A, € D whenever (A4;) is an increasing sequence of sets in D.

The following result is well known see e.g. [35, Theorem 1.1].

Theorem A.2 (Dynkins 7 — A Theorem). Let D be a A-system and P be a w-system on X.
IfP C D, theno(P) C D.

A.2  Probability Theory

In general the k—th moment of a real valued random variable is defined as E[| X*|]. Since
probability spaces are finite measure spaces, it follows from Hoélder’s inequality that if a
random variable has finite moment for some positive integer n, then it has finite moment
for every positive integer k < n. For the 2-nd moment we especially get the following
probabilistic Cauchy-Schwartz inequality

E[IX]] = vVE[IX2]].

The moment generating function of a real valued random variable X with distribution u, is
given by

Mﬂ@:[&”wu»

and is defined for every real s for which M (s) is finite. It is clear that Mx(0) = 1 for
every real valued random variable X, hence M (s) is always well defined at 0. We say that
the moment generating function of X exists whenever there exists an open interval of the
form (—h, h) where M (s) is finite. The moment generating function is log-convex which
means that log My is convex.

Inequalities

In this section we present three inequalities which will be used throughout the text. We
start with Markov’s inequality which provides an upper bound for the probability that the
absolute value of a random variable is greater than ¢ > 0.

Lemma A.3 (Markov’s Inequality). Let X be a real valued random variable, then for every
t > 0 it holds that

P(IX| = 1) < SIXT

The proof follows immediately after noting that

PxIz0= [

1
ldIPE—/ 1X|dP.
|X|>¢ tJa

By applying Markov’s inequality to the function (X — E[X])? the following very similar
result follows.

Lemma A.4 (Chebychev’s inequality). Let X be a real valued random variable with finite
variance, then for everyt > 0 it holds that

V[X]

P(X ~E[X)|z1) < —;
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Chebychev’s inequality differs from Markov’s inequality in that it describes the probability
that a random variable X deviates from its expected value.

Lemma A.5 (Chernoft’s Bound). Let X be a real valued random variable and assume that
the moment generating function Mx (s) exists in some open interval (—h, h), then for every

t > 0 ands € (—h, h) it holds that

P(X >1t) < Mx(s)e™™".

Independence

Throughout this section we assume that (2, ¥, P) is a probability space and we use F;
to denote sub o—algebras of . Let {F;} be a collection of sub o-algebras of ¥, then
{F;} are said to be independent provided for every finite subcollection {¥;, , ... ¥;,} it holds
that
P (A, N---NA;,) =P(Ai) - P(4,).
whenever 4;, € F Similarly, we say that the events Ay,..., 4, € ¥ are independent
if
P(A;N---NA,) =P(4;y)---P(4,).

Given a random variable X : Q@ — X the o-algebra generated by X is defined as the smallest
o-algebra containing X ~!(By) and denoted by o(X). A collection of random variables
{Xi} are independent if the o-algebras {o(X;)} are independent. Independence of sets is
equivalent to independence of their indicator functions.

Lemma A.6. Thesets Ay, ... A, areindependent if and only if the indicator functions14,, ..., 14,
are independent.

Lemma A.7. Let X1,..., X, be random variables taking values in the measurable spaces
(X1, B1),...,(Xy, By), then the random vector X, : Q2 :— Xj X -+ X X}, defined by X, =
(X1,..., Xy) has distribution ;11 ® -+ @ Uy, if and only if X1, ..., X, are independent.

The following Lemma show some useful properties of independent random variables.

Lemma A.8. Let X1, ..., X, be independent random variables taking values in the measur-
able spaces (X1, B1), ..., (Xn, By) and f be an integrable function on (X1 X -+ X Xy, 41 ®
-+ ® Up) then

B X = [ flo ) dn @ du
X XXy
=/ SO, xndpn (x,) - dpg (x1)
X A
Using Lemma A.8 it is easy to derive that for independent real valued random variables

E[Xy - Xp] = E[X1]--- E[X,],

and
VIXi 4+ Xn] = VX ]+ + VX ]
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Limit Theorems

We use S, : 2 — X to denote the random variable given by

1
Sn(@) =~ Y Xi(w).
i=1

Theorem A.3 (Weak law of large numbers). Let X1, X5, ... be i.i.d. real valued random
variables on (2, ¥, IP) with finite expectation E[X], then S, E) E[X], ie

lim ]P’({a) €Q :|Sy(w) —E[X]| = 8}) = 0.
n—oo

Theorem A.4 (Strong law of large numbers). Let X1, X5, ... be i.id. real valued random
variables on (2, ¥, P) with finite expectation E[X], then S, — E[X] almost surely, i.e.

P({w €Q : lim S, — IE[X]}) —1.

Theorem A.5 (Central Limit Theorem). Let X1, X5, ... bei.i.d. real valued random variables
on (2, F,P) with finite expectation E[X], and finite variance 0> = V[X] > 0, then

Vi (1<
_<;ZX,-—IE[X]) = N(0.1).

o :
i=1

A.3 Topological Preliminaries

Nets and Convergence in Topological Spaces

This section briefly reviews some basic definitions about convergence and nets in general
topological spaces. All spaces we shall be concerned with in this text are assumed to be
Hausdorff (T2). There are many great textbooks on general topology and functional analysis
which treat these topics in detail. See for example Willard [53], Kelley [36], and Aliprantis
& Charalambos [5].

Let (X, T) be a topological space and x € X, recall that a collection, N (x), of neighbour-
hoods of x is called a local basis at x (also known as neighbourhoods basis) if for every
neighbourhood U of x there exists an element N € N (x) such that N C U. A topological
space X is said to be first countable if every point x € X" has a countable local basis. In first
countable spaces, sequences preserve many topological properties which are generally of
interest. For instance, a point x lies in the closure A of a subset of a first countable space iff
there exists a sequence in A converging to x. It follows from this thatamap f : X — ) be-
tween two first countable spaces sequences is continuous if and only if f(x,) — f(limx,)
for every convergent sequence (x,) in X (see e.g. Willard [53, Theorem 10.4 and Corollary
10.5]).

In Hausdorff spaces which are not first countable nets provide a generalization of limits that
preserves all topological invariants of interest to us when introducing different topologies
on M, (X). In order to define nets we need must start with the definition of a directed set.
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Definition A.3. A directed set, is a nonempty set / with a binary relation < that satisfy
1. a <aforeverya € I.
2. fa,B,y el satisfya < Band f <y, thena < y.
3. If o, B € I, then there exists y € [ suchthate <y and < y.

If we would remove the third criteria in the definition of a directed set we would instead
have a partial ordering (<) on I. Nets are an extension of sequences in general topological
spaces with directed sets as index sets.

Definition A.4. A net in a topological space X is a function P : I — X with domain 7/ a
directed set.

Just like with sequences we use the notation x, to denote P() € X for o € I, and we
write (xq) to denote the net P : I — X. The definition of convergence of nets is similar to
the definition of convergence for sequences in topological spaces.

Definition A.5. A net (x,) over the index set I convergesto x € X if for every neighbour-
hood U of x there exists ag € I such that x, € U whenever o > «y.

In Theorem A.6 below we summarize three of the main properties of nets which make them
useful generalizations of sequences for general topological spaces. Proofs of the statements
can be found in most topology textbooks (see e.g. [53, Thm. 11.7-8]).

Theorem A.6. Let X and Y be topological spaces, then

1. If A C X, then x € A if and only if there exists a net (xo) converging to X.

2. A function f : X — ) is continuous if and only if the net f(xy) — f(x) in Y for
every net (xq)converging tox € X.

3. If X is Hausdorff and a net converges, then the limit is unique.

We may also define the limit superior and limit inferior for nets of real numbers.

Definition A.6. Let (xy) be a net in R, then we define the limit inferior and limit superior
of (Xo)aer as

lim inf x4 := sup (inf x,s) ,
o

ac] \Bzo

lim sup x4 := inf (sup x,g) .

o ael B>a

A.4  Topological Linear Spaces

Weak Topologies in Linear Spaces

Throughout this section we use X' to denote be a (real) linear space. We say that X is a
topological linear space if it is equipped with a topology 7 such that that vector addition
and and scalar multiplication are continuous maps. All vector spaces of interest to us will
be Hausdorff, i.e. for any two distinct points in A" there exists disjoint open neighbourhoods.
In a Hausdorff space singletons are closed, and in topological linear spaces the converse also
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holds, i.e. if {x} is closed for every x € X, then X is Hausdorff (see e.g. [45, Theorem 1.12]).
A topological linear space is locally convex if there exists a local base at 0 in which every
member is convex. Le. X is locally convex iff every neighbourhood of 0 has subset that is
a convex neighbourhood of 0. We shall now turn our attention to different topologies on
linear spaces and their dual spaces.

A subset 8 C T is a sub-basis for the topology 7 on X if every open set, U, can be expressed
as a union of finite intersections of elements of §. The topology generated by a sub-basis &
is the same as the topology generated by the basis

‘ll:{Slﬂ-'-ﬂSn :neN, Sl,...,SnES},

i.e. the collection of all finite intersections of subsets of 8. Thus, a set U is open in the
topology generated by & if and only if for every x € U there exists a finite collection
S1,...,S, € 8 such that

xeSn---nsS, cU.

A sub-basis is in many ways more natural than a basis for generating a topology from a
collection of subsets of a space. Any collection 8 C 27 is a sub-basis for a topology on X,
which is the unique weakest topology on X" containing §. Let ¥ be a collection of functions
with domain A’ and each function /' € ¥ taking values in a topological space (X, Tr).
Then, a sub-basis for the weakest topology such that every map f € ¥ is continuous is
given by

87 ={fWE): fe¥F,EecTy}. (74)

If U ¢ is a basis for the topology 7y we may restrict the sets E in equation (74) to be taken
from U y instead. The weak topology generated by ¥ on X is the topology 7 which have
84 as sub-basis, it is the weakest topology such that every map f € ¥ is continuous. Let
X'* denote the dual space of the locallly convex linear space X, i.e. the space of continuous
real valued linear functionals with domain &". There is a canonical isomorphism of X" into
a subspace of its double dual V** where each element x € X is mapped into the evaluation
map X € X** defined by

X(A) ;== A(x), foreveryA € X*.

An application of the Hahn-Banach Theorem can be used to show that the mapping x +— X
is norm-preserving and that & is linearly isomorphic to its image X C X** under this
map. For a proof of this fact the reader is referred to Theorem 10, Chapter 3 of [14] and
the surrounding discussion. The weak™ topology on the dual X* is then weak topology
generated by the collection X C X**. It follows from the definition of the weak topology
that a set U C X'* is open in the weak”* topology iff for every A € U there exists a finite
collection of elements X; and open intervals (a;, b;) C R such that

A e & a, b)) NN & an, by) C U

The next lemma follows directly from the definition of the weak™ topology and provides
a usefula critetion for a set being open in the weak™ topology. Some authors use it as the
definition of the weak” topology.

Lemma A.9. Aset U C X™ is open in the weak™ topology iff for every A € U there exists a
finite collection of points x1, ..., X, € X and e > 0 such that

(AN eX* . |[A(x))— N (xp)| <e, foreveryi =1,...,n} C U.
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Equivalently put, for every A € A'* the collection of all sets of the form above constitute a
neighbourhood basis at A. From the definition of the weak* topology it is immediate that
anet (Ay) in X'* converges to A € X'* if and only if the net Ay (x) converges pointwise
to A(x) for every x € X. This is of such importance that we state it in the theorem below.

Theorem A.7. Let X' be a topological vector space, then a net (Ay) in the dual X* converges
weakly™ to A € X* iff

lim Ay (x) = A(x), foreveryx € X.
o

Weak Compactness

Theorem A.8 (Eberlain-Smulian Theorem (see e.g. [29, §V.6.1]). Let X be a Banach space
and K C X, then the following three statements are equivalent:

1. K is weakly sequentially compact.
2. IfA ={x, :n € N} C K, then A has a weak limit point in K.

3. The weak closure of K is weakly compact.

Convexity

In this section we review some basic facts about convex sets in topological linear spaces all
of which can be found in chapter 5 of Aliprantis and Border [5].

Definition A.7. A subset A C X is convex if

{tx+(Q—1t)y : t€][0,1]} C A, foreveryx,y € A.

Equivalently a set A is convex if and only if it holds that

n
Zlixi €A,
i=1

for every finite collection of points x, ..., X, € A and nonnegative real numbers ¢y, ..., 1,
which satisfy ;1 + ...,t;, = 1. The following Lemma captures important properties of
convex sets.

Lemma A.10 ( [5, Lemma 5.27 & 5.28] ). Let {A;} be a, possibly uncountable, collection of
convex sets, then

1. C1 + Cy is convex.

2. tC is convex for everyt € R.

3. (); Ai is convex.

4. A° and A are convex and satisfy

tA°+ (1 —t)AC A, te(01].
5. IfA° # @, then A° = A, and A° = A°.
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Definition A.8. The convex hull of A C X, written co(A) is the smallest convex set con-
taining A.

Since the intersection of arbitrary collections of convex sets are closed it follows that the
convex hull of A4 is the intersection of all convex subsets of X' containing A. The convex
hull of A can also be expressed as

n n
co(A) =4> tixi : ;€A ;€[0.1, Y =1 neNg.

i=1 i=1
Definition A.9. The closed convex hull of A C X, written co(A) is the smallest closed
convex subset of X’ containing A.

The closed convex hull of A4 is equal to the closure of the convex hull of A4, i.e. co(4) =
co(A).

Theorem A.9 ( [5, Thm 5.35]). Let X be a locally convex completely metrizable topological
linear space and K C X compact, then co(K) is compact.

Theorem A.10. A convex subset of a locally convex space is weakly closed if and only if it is
strongly closed.
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